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BINARY CLASSIFICATION WITH THE MAXIMUM SCORE
MODEL AND LINEAR PROGRAMMING

JOEL L. HOROWITZ! AND SOKBAE LEE? 3

ABSTRACT. This paper presents a computationally efficient method for binary clas-
sification using Manski’s (1975, 1985) maximum score model when covariates are
discretely distributed and parameters are partially but not point identified. We
establish minimax-regret-optimal classification rules that take account of partial
identification of the model’s parameters. We bound misclassification probabilities
and expected excess regret induced by sampling uncertainty. We also describe an
extension of our method to continuous covariates. Our approach avoids the com-
putational difficulty of maximum score estimation by reformulating the problem as
two linear programs. Compared to parametric and nonparametric methods, our
method balances extrapolation ability with minimal distributional assumptions.
Monte Carlo simulations and empirical applications demonstrate its effectiveness
and practical relevance.

KEYWORDS: Binary classification; maximum score estimation; partial identifica-
tion; finite-sample and asymptotic inference; extrapolation

1. INTRODUCTION

This paper introduces a computationally efficient method for applying Manski’s
(1975, 1985) maximum score model of binary response to binary classification when
covariates may be discretely distributed and parameters are partially but not point
identified. We establish minimax-regret-optimal classification rules that take account
of partial identification of the model’s parameters. We give conditions under which
these are equivalent to minimizing the worst-case cost of misclassification. We also
bound misclassification probabilities and expected excess regret induced by sampling

uncertainty.
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2 HOROWITZ AND LEE

In Manski’s model, the binary dependent variable Y is related to a finite-dimensional

vector of explanatory variables X as follows:
(1.1) Y=I@X-U>0), PU<0|X)=r,

where [(+) is the indicator function, § is an unknown vector of constants, the con-
ditional distribution of U given X is absolutely continuous with respect to Lebesgue
measure, and 0 < 7 < 1, implying that zero is the 7-quantile of U conditional on X.
The distribution of U is otherwise unrestricted and may depend on X in an unknown
way (i.e., heteroskedasticity of unknown structure).

Given an independent random sample {(Y;, X;) : i = 1,...,n}, the corresponding

maximum score estimator of 3 is defined as
4 ¢ — , .
(1.2) § e arg r?ean;(n IX; > 0),

where B is the parameter space.

If B were known, an individual with covariate X, would be classified as Y = 1 if
B’ X, >0and Y = 0 otherwise. As a tie-breaking rule, we assign Y =0 if 5'X, =0
However, when X follows a discrete distribution, 8 and 8’X, are not point identified.
Under mild conditions, 5’ X, is contained in an identified interval, denoted by [cy, cy]
with ¢, < ¢y. In this paper, we propose two simple classification rules. In one rule,
an individual with covariate X, is classified asY = 0if ¢y < 0,asY = 1if ¢, > 0 and
cy > 0, and remains unclassified, for example while additional information is sought,
if c; < 0 < cy. Here, the exact boundary case ¢, = cy = 0 is assigned to Y = 0,
as this corresponds to /'X, = 0. This minimax-regret optimal classification rule
relies on two elements: non-classification (abstention) must be an available action,
and, when the sign of 5’ X, is ambiguous, abstention must have no larger worst-case
regret than either possible binary classification rule. In the second classification rule,
abstention is not possible, and decisions are made via randomization. In this case,
we classify as Y = 0if ¢g < 0,as Y =1 if ¢, > 0 and ¢y > 0, and randomize if
cr, < 0 < cy. We again establish conditions under which this randomized classification
rule is minimax-regret optimal.

Our approach is useful when the researcher wants out-of-sample classifications, an
interpretable linear index is plausible, and abstention or randomization has a natural
decision-making interpretation. The value of 7 is part of the classification exercise.

When it is not governed by the underlying decision problem, the sample proportion
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of observations with Y = 1 provides a simple empirical benchmark for choosing a
reasonable value of 7 (see Section 9 for examples).

We further present estimators for [cp,cy] and construct both finite-sample and
asymptotic confidence intervals, denoted by [¢1, ¢y|. The estimated classification rule
follows the same logic: we classify an individual as Y = 0if ¢y < 0 and as Y =1 if
¢r > 0 and ¢y > 0, with non-classification or random classification occurring when
¢ < 0 < ¢y. We say that a misclassification occurs if the feasible classification
based on [¢r, ¢y differs from the population classification based on [cr, cy]. Thus
misclassification here is a sampling error relative to the population maximum-score
classification rule. Theoretically, we bound these misclassification probabilities and
the resulting expected excess regret.

Computing 3 (solving the optimization problem (1.2)) is a notoriously difficult, NP-
hard combinatorial optimization problem. In addition, B converges in probability
to B at the slow rate of n='/3 when B is point identified. The objective of this
paper, however, is estimation of the interval [cr,cy] that contains f'X,, not point
identification or estimation of . We give conditions under which [cy,cy] can be
estimated by solving two linear programming problems, one for ¢; and one for ¢y .
Computationally efficient algorithms and software for solving linear programming
problems are widely available, so we avoid the computational difficulty of solving
(1.2).

While the underlying model involves the parameter vector 3, our primary interest
lies in conducting binary classification rather than in precisely estimating 3 itself.
Although the bounds for $ may be wide, informative classification remains possi-
ble. By focusing on the signs of linear combinations of covariates rather than on
point estimates of coefficients, we leverage the structure of the identified set to assign
classifications reliably. Thus, even when parameter uncertainty is substantial, the
classification rule can yield meaningful and robust decisions.

Various methods exist for binary classification. Fully nonparametric methods, such
as estimating P(Y = 1 | X = X,) nonparametrically, where X, is an out-of-sample
value of X, and classifying based on whether this probability exceeds 7, make min-
imal assumptions but suffer from poor extrapolation ability. If the covariates follow
a discrete distribution, these methods fail to classify individuals whose X, is not ob-
served in the sample and are imprecise if there are few observations of X,. Parametric
methods, including logit, probit, and discriminant analysis, allow extrapolation but

rely on restrictive distributional assumptions. The method we propose balances these
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trade-offs: it permits extrapolation while being less restrictive than fully parametric
approaches and some semiparametric models. For example, semiparametric single-
index models satisfying the quantile restriction are special cases of the maximum
score model. We acknowledge, however, that despite its advantages relative to many
other models, the maximum score model can be misspecified, which may cause mis-
classification.

The remainder of this paper is structured as follows. Section 2 reviews the litera-
ture on maximum score estimation. Section 3 formally describes the model. Section 4
provides a framework for optimal classification. Section 5 outlines our estimation
procedure and discusses finite-sample and asymptotic inference with discretely dis-
tributed covariates. Finite-sample inference typically yields conservative bounds in
moderate-sized samples common in economics applications, as it imposes only weak
constraints on the distribution of the underlying random variables and ensures va-
lidity for the worst-case scenario under those constraints. In contrast, asymptotic
inference yields tighter bounds but does not guarantee validity in finite samples.
Section 6 details our computational algorithms. Section 7 studies misclassification
induced by random sampling error in the estimated confidence region. Section 8 ex-
tends the framework to accommodate continuous covariates, specifically incorporat-
ing Manski and Tamer (2002)-type bounds. Section 9 provides empirical illustrations:
Section 9.1 presents an empirical example using data from Kessler, Low, and Sulli-
van (2019); Section 9.2 illustrates the extension discussed in Section 8, again using
the same data; Section 9.3 presents another empirical application using data from
Corno, Hildebrandt, and Voena (2020). Section 10 reports a Monte Carlo experiment
demonstrating the effectiveness of our classification rules. Section 11 concludes with
a discussion of key findings and potential directions for future research. Appendix A
contains the proofs of the theoretical results presented in the main text. Supplemental
Appendix S-1 reports sensitivity analyses in the estimation and computation steps.
Supplemental Appendix S-2 gives refinements of the misclassification bounds and ex-
tends the analysis to expected excess regret. Supplemental Appendix S-3 extends our
framework to clustered dependence and survey sampling weights. Supplemental Ap-
pendix S-4 presents Monte Carlo simulations comparing finite-sample and asymptotic

inference methods.
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2. LITERATURE REVIEW

The literature on the maximum score model is concerned mainly with identification
and estimation of 3, methods for computing B in (1.2), and inference. The literature

is large, and we cite only a limited set of papers that treat these topics.

2.1. Identification, Asymptotic Properties, and Related Methods. Manski
(1988) provided classical results for point identification. Subsequently, advances have
been made in terms of partial identification: see, e.g., Manski and Tamer (2002);
Komarova (2013); Blevins (2015); Chen and Lee (2019); and Khan, Komarova, and
Nekipelov (2024) among others.

When £ is point identified, B converges in probability to 5 at the rate n='/3, and
nl/3 (B — B) has an intractable asymptotic distribution (see, e.g., Kim and Pollard,
1990; Seo and Otsu, 2018). For inference, subsampling and bootstrap methods have
been considered by, among others, Delgado, Rodriguez-Poo, and Wolf (2001), Abre-
vaya and Huang (2005), Lee and Pun (2006), Patra, Seijo, and Sen (2015), and Catta-
neo, Jansson, and Nagasawa (2020). These methods are computationally demanding
because they require solving (1.2) repeatedly.

Horowitz (1992, 2002) developed smoothed maximum score estimation to mitigate
the difficulties coming from the maximum score objective function. The smoothed
maximum score estimator is asymptotically normal with a faster rate of convergence
and enables the bootstrap to provide asymptotic refinements. Other approaches
include: finite-sample inference (Rosen and Ura, 2025); Bayesian methods (Benoit
and Van den Poel, 2012; Walker, 2024); non-Bayesian Laplace-type approaches (Jun,
Pinkse, and Wan, 2015, 2017); and two-stage methods (Gao, Xu, and Xu, 2022)

among many others.

2.2. Computational Challenges. One major challenge in applying maximum score
estimation is computation. The maximum score objective is piecewise constant, has
a finite range, and may have multiple maximizers. Computing an exact maximum
score estimator is computationally challenging and, in general, NP-hard (see, e.g.,
Johnson and Preparata, 1978). Early algorithms for addressing maximum score es-
timation were developed by Manski and Thompson (1986) and Pinkse (1993). Second-
generation approaches leverage advances in mixed integer programming (MIP) solvers,
along with significant increases in computing power since the development of the first-
generation methods. Florios and Skouras (2008) presented strong numerical evidence

that an MIP-based method outperforms earlier techniques. Similarly, Kitagawa and
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Tetenov (2018) employed an alternative MIP formulation to solve a maximum score-
type problem for treatment choice rules, where they maximized an empirical welfare
criterion resembling the maximum score function. Chen and Lee (2018, 2020) ex-
tended this approach to fp-constrained and {y-penalized empirical risk minimization
for high-dimensional binary classification. However, the MIP approach faces intrinsic
scalability limitations. To the best of our knowledge, numerical studies applying MIP
to maximum score estimation typically remain confined to datasets with a modest
sample size (e.g., around 1,000) and a limited number of parameters. In contrast, our
approach is based on linear programming, which is considerably more scalable and

capable of handling larger datasets with a greater number of parameters.

2.3. Support Vector Machines. Our paper is also related to the large literature
on binary classification methods in machine learning and statistics. Support vector
machines (SVMs) are particularly relevant because they also seek a linear decision
boundary for binary classification; see Steinwart and Christmann (2008) for a text-
book treatment.

The maximum score method is built from the binary response model and its quan-
tile restriction, and can be interpreted as minimizing a weighted classification loss:
false negatives receive weight (1 — 7), and false positives receive weight 7. This
corresponds to the weighted binary classification loss in Steinwart and Christmann
(2008, pp. 23-24) and to Manski’s (1 — 7)-absolute loss (Manski, 1988, Sec. 3.3). The
corresponding population minimizer is the Bayes decision rule under that loss.

By contrast, a soft-margin SVM minimizes a regularized empirical hinge-loss cri-
terion. The hinge loss function is convex and a “reasonable surrogate” for the clas-
sification loss function (Steinwart and Christmann, 2008, pp. 36-38). It is not the
same as the classification loss function, but Babii, Chen, Ghysels, and Kumar (2026,
Proposition 3.1) give conditions under which the unrestricted population minimizers
of suitably loss-weighted hinge and other convex surrogate losses yield the correct
classification rule at covariate values in the support of X. However, these popula-
tion results do not determine how a covariate value X, outside the support of X
should be classified. With discrete data, there are in general many linear decision
boundaries (classification rules) consistent with the maximum score restrictions. Our

method quantifies the resulting uncertainty in how a given out-of-support X, should

be classified.
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3. MODEL

This section describes the model we treat and the parameters of interest. We begin
with definitions and notation.

Let X € R? be a random or non-stochastic (fixed) vector. If X is random, as-
sume for now that it is discretely distributed with .J mass points {z; : j =1,...,J}
and probability mass function p (z;) > 0. Continuously distributed components are
treated in Section 8. If X is fixed, let it have J possible values {z; : j =1,...,J}.
In this case, we treat a design in which there are n observations of (Y, X) and n; > 0
of these observations have X = z;. Define p (x;) = n;/n, the fraction of observations
in the design for which X = z;. For any random event A, let P (A | X = z;) denote
the probability of A conditional on X = z; if X is random and the probability of A
at X =z, if X is fixed.

The model is

)1 X -U>0
1o #pX-U<0’

where 8 € RY is an unknown vector of constant parameters, the conditional distribu-
tion of U given X = z; is absolutely continuous with respect to Lebesgue measure,
PU<O0|X =uz;)=7foralj=1,...,J,and 0 < 7 < 1. We assume that this
model is correctly specified unless stated otherwise. Note that the (1 —7) quantile of

Y conditional on X = x; is
(3.1) Qi (V| X =a) = (2, > 0),

where I(-) is the usual indicator function. A scale normalization is needed for point
or partial identification of 5. We use 5; = 1, where [ is the first component of (.
For each j = 1,...,J define

(3.2) fag) = [PY = 11X = 2;) — 7] and d; = sgn[f(z;)],

where for a real number u, sgn(u) = 1if u > 0, sgn(u) = —1 if u < 0, and sgn(u) =0
if u = 0. Let '8, where r € R? is a non-zero vector of constants, be a linear
combination of components of 3. The parameter [ is generally not point identified
when X is discretely distributed with finitely many mass points or fixed with finitely
many possible values. The linear combination ' is generally not point identified if
at least one component of (7o, ... ,rq)/ is non-zero, but it is interval identified. Let

[cL, cu] be the identified interval.
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3.1. Assumptions. We assume the following regularity conditions.

Assumption 1. One of the following conditions holds:

(a) (i) X is fived and p(z;) = nj/n > 0 is known. (i) For each j = 1,...,J,
{Yo; : ¢ =1,...,n;} is an independent random sample from P(Y|X = x;),
and these cell-specific samples are mutually independent across j.

(b) (i) X is random. (i) {(Y;, X;) : i = 1,...,n} is an independent random
sample from the joint distribution of (Y, X). (i) Forallj =1,...,J, p(z;) =
P(X = z;) > 0.

Assumption 2. |f (z;)| >0 forall j=1,...,J.

Assumption 3. 8 € B, where B = {(1,ba,...,b,) 1 by < by < by, k=2,...,q} for

known finite constants b, < by,

Under Assumption 3, the normalized parameter space for g is a known compact
box.
Define

(z,) E(Yy; — 7)p(z;) if X is fixed
x;) = :
9oLt E[(Y — 1)I(X =x;)] if X is random

If X is random, we include the indicator function /(X = x;) in go(z;) so that it can be
estimated as a sample average without a random denominator. Under Assumption 2,

sgn(go(z;)) = d;, so we estimate go(x;) from the data.

3.2. Partial Identification. In model (1.1), Y = 1 if and only if /X > U, where
P(U < 0| X) = 7. Under Assumption 2, we have

PY=1|X=uz;)>1< f2;>0,
PY=1|X=u)<7<p2<0.
We define the strict sign-restriction set as
B ={beB:dzib>0, j=1,...,J}
and base the main population bounds on the weak-inequality outer set
(3.3) B(0)={beB:djzjb>0, j=1,...,J}.

This set contains B° and may include boundary values with d;x’b = 0. Throughout

the main text, ¢; and ¢y denote the lower and upper bounds on 7' over B(0).
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Equivalently, they are the optimal values in

(3.4) maximize (minimize) )
beB beB

subject to

(35) dj (Ij71 + b2xj72 + -+ bqZL'jg) > 0

forall j=1,...,J.

Remark 1. Assumption 2 implies that the true index is separated from zero at the
support points: there exists 5 > 0 such that miny<;<; |8'z;| = €3. This margin is a
feature of the unknown true parameter and is not treated as known in the baseline
analysis. The weak inequalities in B(0) therefore give a conservative set of weakly
sign-consistent parameter values.

For a chosen € > 0, one can instead impose the margin-restricted set
Be)={beB:djzib>e, j=1,...,J}

Positive values of ¢ require separation from the boundary z;b = 0 and generally yield
narrower bounds, ¢y (¢) and cy(e). If €5 or a lower bound, €, on £5 were known, one
could replace the right-hand side of (3.5) with € = 5 or € = ¢y, thereby obtaining
the narrower identified interval [c.(g), cy(€)]. However, neither eg nor ¢, is known
in applications, and choosing too large a value of € can cause the feasible region of
the modified (3.4)-(3.5) to be empty. Setting ¢ = 0 in (3.5) avoids this problem.
Supplemental Appendix S-1 explores the sensitivity of ¢ (), cy(¢) and the identified

intervals for 8 to increasing ¢ from 0.

Remark 2. Assumption 2 is needed because d;’'x; = 0 does not imply that d; = 0 and
Va; = 0. It excludes boundary cases where f(z;) = 0 (equivalently, 2’3 = 0) for some
j. Although this simplifies identification, it is not without cost. Cases with f(x;) =0
B = 0), which provide stronger identifying power and
could shrink the identified interval for r’8. Relaxing Assumption 2, however, intro-

yield equality constraints (z

duces significant practical challenges. In empirical applications, the true conditional
probability P(Y =1 | X = z;) is typically unknown and must be estimated. Even
if the true probability equals exactly 7, estimators rarely match this precisely, ne-
cessitating an approximation interval [T — £,,, 7 + £,,| for some tuning parameter ¢,,.
Determining an appropriate ¢, and adjusting estimation and inference methods ac-
cordingly is nontrivial. Moreover, existing finite-sample inference results suggest that

exact equality constraints contribute little to inference about S (see Rosen and Ura,
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2025, Appendix G). Thus, despite their theoretical appeal, equality constraints may
offer limited practical benefit. Given these considerations, we maintain Assumption 2
for clarity and practicality, but acknowledge that exploring ways to incorporate or

approximate these boundary cases remains an important avenue for future research.

Under Assumption 1, d; = sgn[f(z;)] and go; = go(z;) have the same sign. There-

fore, the baseline linear programs (3.4)-(3.5) can be written equivalently as

(3.6) maximize (minimize) :r'b
beB beB

subject to

(3.7) 905 (%50 + baZjo + -+ byjq) 2 0

forall j=1,...,J.

4. A FRAMEWORK FOR OPTIMAL CLASSIFICATION

In this section, we present a framework for optimal classification. We start with
the case of a known, point-identified 5. Let g € {0, 1} denote a binary classifier. For

covariate values x within the support of X, the function
flz)=PY =1|X=2)—17
is nonparametrically identified. At the population level, the optimal classification
rule assigns
1, if f(z) >0,

“1) 0, if f(z)<O0.

<>
Il

Recall that Assumption 2 excludes the boundary case f(z) = 0. However, when z lies
outside the support of X, the function f(z) is not nonparametrically identified, and
direct classification based on (4.1) is not feasible. The maximum score specification
provides a disciplined basis for model-based extrapolation. Under the maintained
model and Assumption 2, sgn{ f(x)} coincides with sgn(z’/3) on the support of X. In
contrast to an unrestricted reduced-form object f, however, the linear index x'f is
defined for any covariate value, including counterfactual values outside the observed

support. If § is known, we can therefore use the model-implied linear sign rule

1, if B’z >0,
0, if Bz < 0.

<,
Il

(4.2)
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Boundary cases are handled by the exact-boundary convention stated below. This
formulation enables classification at any covariate value x, including those not in the

support of X.

Remark 3 (Classification under Point Identification of 3). Suppose that the (1 — 7)-
absolute loss assigns loss (1 — 7) to a false negative (g = 0, y = 1) and loss 7 to a

false positive (g =1, y = 0):
Lgy) = A-7)1(§=0,y=1) + 71(H=1,y=0).

The Bayes rule under this loss classifies as one if P(Y =1 | X = z) > 7 and zero if
P(Y =1| X = x) < 7; at equality, both actions are optimal. Thus the classification
rules in (4.1) and (4.2) can be interpreted as optimal decision rules minimizing this
loss. This result is formally established as Corollary 4 in Manski (1988), who also
emphasizes the role of extrapolation beyond the support of X.

We now move to the case of partially identified 5. When [’z is only interval-
identified, write
f'x € [en(x), cy(x)].
This interval provides information about the sign of the model-implied index, and
hence about the model-implied classification of off-support covariate values. To ac-
count for the partial identification of 8’x, we consider two scenarios: one that includes

the option to abstain, and another that allows for random classification.

4.1. Classification with Abstention. First suppose that the decision-maker may
abstain. The action set is {1,0,0}: § = 1 denotes classification as 1, § = 0 denotes
classification as 0, and § = () denotes abstention, or non-classification. Here, f(x) > 0
is the state in which classification as 1 is oracle-correct, whereas f(z) < 0 is the state
in which classification as 0 is oracle-correct. The economic interpretation of these
actions and states depends on the application.

As an illustration, consider a setting in which a potential employer decides whether
to call back a job candidate for an interview based on a resume. This setting is related
to the empirical application considered in Section 9.1. In this example, § = 1 means
giving an applicant a callback, § = 0 means not giving a callback, and 4§ = () means
deferring the decision by requesting additional information or placing the applicant
on a waiting list. The state f(x) > 0 means that the applicant’s profile warrants a

callback, while f(x) < 0 means that it does not.
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Consider the loss function

Cljrﬂ Q:Lf(x)>0,
Cb_a ?):Oa f(.il?)<(),
(13 L, fay =4 C 0 0020
C-, =1, f(r) <0,
Co, §=0, f(x) >0,
Co, 7=0, f(x) < 0.

\

The loss function has five cost parameters: (C;, C, ,CT,C~, Cp). The baseline costs
C;f and € are the costs of the two oracle-correct binary actions. They may differ
because the two correct decisions need not have the same payoff implications. The
mistake costs C™ and C~ may also differ because the two possible errors need not
have the same consequences. In the callback example, the cost of missing a qualified
applicant may differ from the cost of interviewing an unsuitable applicant. A medical
example is similar: the cost of falsely classifying a well individual as sick and needing
treatment may differ from the cost of falsely classifying a sick individual as well and
not needing treatment. A common abstention cost is natural when abstention refers
to the same procedural action in either state, such as requesting additional materials,
placing the applicant on a waiting list, sending the application for a second review,
or otherwise postponing the binary decision.

We evaluate decisions by minimax regret. Regret is measured relative to an oracle
that knows the sign of f(z): the oracle chooses § = 1 and incurs C;f when f(z) > 0,
and chooses y = 0 and incurs C; when f(z) < 0. Define

Reng =C" — Ob_a
(4.4) Regpy = O = G,
Regy = Cy — min{C,", C, }.
Here Regpp is the excess cost of a false positive: choosing § = 1 when § = 0 is
oracle-correct. Similarly, Regpy is the excess cost of a false negative, and Regy is the
worst-case excess cost of abstention. In the callback example, these are, respectively,
the excess costs of giving a callback when the applicant does not warrant one, not

giving a callback when the applicant does warrant one, and deferring the callback

decision.
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Assumption 4 (Cost Structure). The cost parameters satisfy
(45) 0<Cf <Cyp<oo, 0<C, <Cy<oo, Cf <Ct <o, Cf <C~ < o0.
In addition, the regret from abstention satisfies
(4.6) Regy < min{Regpp, Regpy }-

FEquivalently,
Cp — min{C;",C; } <min{C~ - C,, C* - C}/}.

Assumption 4 has two parts. The cost inequalities in (4.5) say that, if the sign
of f(z) were known, the oracle-correct binary action would be preferred to both
abstention and the wrong binary action. The regret condition in (4.6) says that,
when the sign is ambiguous, abstention has weakly smaller worst-case regret than

either possible mistake. A simple sufficient condition for (4.6) is
(4.7) Co+|CF — Cy | <min{C*,C"}.

This condition says that abstention is no more costly than either type of mistake after
accounting for the possible difference between the two oracle-correct baseline costs.
Because the set B(0) defined in (3.3) may include parameter values b satisfying
b'x = 0, we define the regret of either binary action to be zero at such values. If
[cr(x), cy(x)] = {0}, we apply the maintained tie-breaking rule and classify as 0. The

following theorem gives the main result of this subsection.

Theorem 4.1 (Optimal Classification with Abstention). Let [cp(z),cy(x)] be the
identified lower and upper bounds on 'x. Consider the loss function in (4.3). Under
Assumptions 2 and 4, a minimaz-regret optimal classification rule, denoted by y*(x),
18
1, ifcp(x) >0 and cy(x) > 0,
@*(l') - Oa Zf CU('I) S 07
0, ifcr(z) <0< cy(x).

Remark 4 (Endpoint Cases). The endpoint cases cp(z) = 0 < cy(x), cp(x) < 0 =
cy(x), and cr(z) = cy(z) = 0 are not sign-ambiguity cases. They are resolved by the

binary rule in Theorem 4.1; only ¢z (x) < 0 < ¢y(x) calls for abstention.

Remark 5 (Symmetric Costs). As a special case, suppose

Cf=Cy =0, Ct=C =C.
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Then

Regpp = Regpy = C — G, Regy = Cy — Cy.
If C, < Cy < C, then Assumption 4 holds, so Theorem 4.1 applies. In this symmetric-
cost case, subtracting the same oracle-correct baseline cost from each state-contingent

loss makes minimax regret equivalent to minimizing the worst-case cost of misclassi-

fication or abstention.

Remark 6 (If (4.6) Fails). Theorem 4.1 gives the condition under which the absten-
tion rule is minimax-regret optimal with asymmetric costs. Without (4.6), the same
comparison shows that, when c;(z) < 0 < ¢y(z), any action attaining the smallest
value among Regpp, Regpy, and Regy is minimax-regret optimal. Thus, (4.6) is the

substantive condition under which ambiguity justifies abstention.

Remark 7 (Sign-Dependent Abstention). One could instead allow sign-dependent ab-
stention costs C’J and C’Q_ . Under C’b+ < C’Q')|r and C, < (€, the minimax-regret

argument is unchanged after replacing Regy by
max{C;” — C;", Cy — C;'}.

We use a common Cj in the main specification because abstention is the same pro-

cedural action in the applied examples.

Remark 8 (Relation to Selective Classification). The rule of Theorem 4.1 resembles
selective classification, or classification with a reject option, in the machine-learning
literature (e.g., El-Yaniv and Wiener, 2010). The connection is useful because both
frameworks allow the classifier to abstain. The objective is different, however: here the
loss function is tied to the maximum score model and the identified set for 5'x, whereas
the selective-classification literature typically takes the loss function as primitive. For
a recent review of selective classification and related topics, see Hendrickx, Perini,
Van der Plas, Meert, and Davis (2024). In economics, Breza, Chandrasekhar, and
Viviano (2025) recently propose a method for policy learning with an abstention

option.

Remark 9 (Abstention in Applied Settings). Abstention arises naturally in a variety
of empirical contexts. In the incentivized resume rating application of Section 9.1,
an employer who is uncertain whether a candidate’s profile warrants a callback may
request additional materials or place the candidate on a waiting list. A physician

who faces an ambiguous diagnosis may order further tests before choosing between
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treatment and no treatment, and policymakers at the Federal Reserve who are un-
certain about the direction of the economy may defer an interest rate decision while
awaiting additional data. In each case, (4.6) is the condition under which deferring

is less costly, in worst-case regret terms, than either possible mistake.

Remark 10 (Dempster—Shafer). Dempster—Shafer (DS) theory (Dempster, 2008) ex-
tends classical probability by introducing a third category, “don’t know”, alongside
“true” and “false”. It assigns a triplet (p, ¢, 7) of non-negative values summing to one,
representing evidence for, against, and uncertainty about an assertion, respectively.
In short, DS theory allows r > 0 to reflect ambiguity. Our classification rule is derived
from the identified set for 5'x, whereas DS theory operates on probability assignments
over outcomes rather than on a structural economic model. While related in spirit,

our abstention rule remains grounded in conventional probability.

4.2. Random Classification if Abstention Is Not Possible. Now suppose that
abstention is unavailable. In the callback example, the employer must either give the
applicant a callback or not give one. When the identified interval does not strictly
contain zero, the rule again chooses a binary action, using the exact-boundary con-
vention in Remark 4. When the identified interval strictly contains zero, both signs
remain possible and randomization is a natural response to the resulting binary de-
cision problem under ambiguity (Manski, 2009).

For this binary problem, use the loss function

(Cf, g=1, f() >0,
(45) LG fla)) = { 0 70 TN
Ct, =0, f(z) >0,
C, 9=1, f(z) <O,
where
0<Cf <Ct < o0, 0<C, <C < oo.

Thus the mandatory binary problem allows both the oracle-correct costs and the
mistake costs to differ across signs. Since () is not available, there is no abstention

cost. The relevant regret indices are
Regpp = C~ = Cj, Regpy = CT = .

Let p denote the probability of classifying as 1. In the callback example, p is the
probability of giving a callback. If f(x) > 0, the randomized rule makes a false
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negative with probability 1 — p, so its regret is (1 — p)Regpy. If f(z) < 0, the
randomized rule makes a false positive with probability p, so its regret is p Regpp.

Theorem 4.2 (Random Classification). Let [cr(z), cy(x)] be the identified lower and
upper bounds on ('z. Let Assumption 2 hold and assume that 0 < Cf < CT < o0
and 0 < C, < C~ < oo. Under the loss function in (4.8), a minimaz-regret optimal
binary rule classifies as 1 if cp(x) > 0 and cy(z) > 0, classifies as 0 if cy(x) < 0,
and, if cp(x) < 0 < cy(x), classifies as 1 with probability p* and as 0 with probability

1 — p*, where
x _ Regpn
Regpp + Regpy

p

Remark 11 (Interpreting the Randomization Probability). The formula for p* has a
direct callback interpretation. If the regret from a false negative is large relative to
the regret from a false positive, then p* is closer to one: the employer gives a callback
with higher probability because missing a qualified applicant is especially costly. If
the regret from a false positive is large, then p* is closer to zero: the employer gives
a callback with lower probability because interviewing an unsuitable applicant is

especially costly.

Remark 12 (Symmetric Costs). In the special case of symmetric costs in Remark 5,
p* = 1/2, so Theorem 4.2 gives randomization with probabilities of 0.5. As in Re-
mark 5, minimax regret is then equivalent to minimizing the worst-case cost of mis-

classification.

Theorems 4.1 and 4.2 characterize the optimal classification rules when the identi-
fied set [cr(z), cpy(x)] is known. Section 5 addresses the empirical problem of replacing
the identified set with confidence bounds [¢1,(x), ¢y (z)] estimated from data. The or-
acle classifier defined in Section 4 serves as the population-level benchmark against

which the feasible classifiers are evaluated.

5. ESTIMATION AND INFERENCE

Section 5.1 describes estimation of ¢ and cy. Sections 5.2 and 5.3, respectively,

describe finite-sample and asymptotic inference about [cy, cy].

5.1. Estimation. In applications, go; is unknown. We estimate it by one of two
methods, depending on whether X is fixed or random. If X is fixed, estimate gy ; by

nj

§(z) =n;" Y (Yo, —7)plx;).

(=1
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If X is random, estimate go; by

g(z) =n"t Y (Yi—7)I(X;= ).

=1

Both estimators are unbiased:
Elg(z;)]=g0(xj); j=1,...,J.
Now let G, be a confidence region for go = (go 1, - - -, go,s) satisfying
(5.1) P{go€Ga} 21 -a

for some 0 < a < 1. Here, G, may be a finite-sample or asymptotic confidence region.
In the latter case, “asymptotic” refers to the limit as n — oo, so that the probability
guarantee P(go € G,) > 1 — « holds approximately for large samples.

The estimators of ¢y and ¢y, denoted respectively by ¢y and ¢, are the optimal

values of the objective functions of the following optimization problems:

(5.2) maximize (minimize) )
9€Ga, beB g€Ga, beB
subject to
(53) g; (CL’j’l + bQCUj’Q + -+ quj,q) Z 0 \V/j = 1, ey J.

The following theorem, which is similar to Theorem 2.1 of Horowitz and Lee (2023),

is the basis for our inference and classification.

Theorem 5.1. Let (5.1) hold. Then,

Plep <cp <r'f<cy <yl >P{go€Ga} >1—av.

Theorem 5.1 shows that if (5.1) holds, the estimated interval [¢g,¢y]| contains
the population interval [cr, cy| with finite-sample or asymptotic probability at least
(1 — @), depending on whether G, is a finite-sample or asymptotic confidence region.
Theorem 5.1 implies that to obtain a confidence region for [c, ¢y ], it suffices to obtain

the confidence region G,,.

Remark 13 (Misclassification). Theorem 5.1 gives coverage of the population interval
by the estimated interval. Misclassification bounds require a stronger sign-stability
argument. The key observation is simple. The optimization problems use g only
through the signs of its components. If all vectors in G, have the same coordinate-

wise signs as gp, then the sample and population problems impose the same sign
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restrictions. In that event, ¢, = ¢, and ¢y = ¢y, so the estimated and population
classifiers agree, both in the abstention and random-classification cases. Thus misclas-
sification can occur only when the confidence region permits a sign pattern different
from the population sign pattern. Section 7 uses the global sign-agreement event to
bound misclassification probabilities. Supplemental Appendix S-2 gives refinements

and extends the argument to expected excess regret.

5.2. Finite-Sample Inference. This section obtains finite-sample confidence re-

gions G, for fixed and random X.

5.2.1. Fized Design. Let X be fixed and Assumption 1(a) hold. Then
(5.4) —7p (x;) < (Y5 —7)p(z;) < (L= 7)p(x;)
because Y = 0 or 1. An application of Hoeffding’s inequality yields
P (g (z;) — go (2;)] = p(2)) t;] < 2exp (—2nt])
for any ¢; > 0 and each j =1,...,J. Moreover,
9 (x;) —p () t; < go(x;) < g (x;) +p(x;);

for all 7 =1,...,J with probability at least 1 — 2 ijl exp (—2njt?). Set

1 2.7\ /2
. t: = — log — =1,
(55) = (o) =t
and define
(5.6) Go =1{(91,---,97) 1 §(x5) = p(7j) tja < g5 < g(7;) +p(25) tja Vi}.

Then P(gp € Go) > 1 — a.

5.2.2. Random Design. Let X be random and Assumption 1(b) hold. Then
—7<Yi-1)I(X,=2;)<1-—r.
Another application of Hoeffding’s inequality gives
Plg (z;) = go (z;)| = ] < 2exp (—2nt”)
for each 7 =1,...,J and any t > 0. Therefore,

g(zj) =t <go(w;) <gla;)+1
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for all j =1,...,J and any ¢t > 0 with probability at least 1 — 2.J exp (—2nt?). Now
set

1. 27\?
. = | —log — =
(5.7) (2n og a) ta
and define
(5.8) Go ={(91,---,97) : 9(xj) —ta < g5 < glx)) +1a Vi}.

Then P(gy € Go) > 1 — .
To compare confidence regions in (5.6) and (5.8), let Assumption 1(a) hold so that
p(xj) = n;/n. Then,

p(75)tja=[p (i'fj)]l/Qta < tq,

which implies that [¢1, ¢y] is weakly wider under the random design than under the
fixed design. This happens because of the need to account for randomness of X when

we apply Hoeffding’s inequality to the random design.

5.3. Asymptotic Inference. This section gives asymptotic confidence regions G,, for
fixed and random designs. To minimize computational complexity (see Section 6) we
focus on (hyper) rectangular regions based on the Bonferroni inequality. Ellipsoidal
regions give narrower bounds [¢,, ¢y] under certain conditions but make computation

much more difficult.

5.3.1. Fized Design. As in Section 5.2.1, let X be fixed and Assumption 1(a) hold.
Consider a sequence of fixed designs with J fixed and n;/n bounded away from zero
for each j. It follows from the Lindeberg—Lévy central limit theorem that for each
j=1,...,J,

(n/n)?) (35 = 903) —a N (0.6%).
where
GF=PY =1|X=z)1-P(Y =1|X =u1;)].

j
A?E{”jlz%}{”jl (1—%)}7
=1 =1

Estimate 0'j2- by
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and let z;_, denote the (1 — «) quantile of the standard normal distribution. Set

(5.9)

1/2 4 1/2
R 0 R n: o,
Go = {(91, e 79J) : 9(%‘) - Z1—a/(2J) <g; < 9(%’) +

J ] J .
—a Viop.
" Z1—a/(2J) V] }

n

Then the Bonferroni inequality gives P(gg € G,) > 1 — a asymptotically.

5.3.2. Random Design. Let X be random and Assumption 1(b) hold. Then the

Lindeberg—Lévy theorem gives
n'?(3; — go;) —a N (0, 1),

where

: 2
Estimate s; by

n
i=1 i=1
Set
. 85 R 85 )
(5.10) G, = {(917 s 9g) s g(xj) — nl—jﬁzka/(zt}) <g; < g(z;)+ nl—jﬂzka/(w) VJ} .

Then, the Bonferroni inequality gives P(go € G,) > 1 — o asymptotically. For each
J, the random-design marginal interval is wider than the corresponding fixed-design
marginal interval if and only if

n§§ > nj62.
Consequently, the random-design rectangle contains the fixed-design rectangle if n§]2 >

nj&? for every j. In general, neither rectangle need contain the other.

Remark 14 (Alternatives to the Bonferroni Correction). The Bonferroni-based con-
fidence regions in (5.9) and (5.10) are chosen for their simplicity and because they
require no assumptions beyond those already imposed. The correction can be re-
placed by other multiple-testing procedures. For example, bootstrap-based methods
or resampling approaches could be used to construct tighter joint confidence sets
for go = (go(x1), ..., 90(xs)), potentially yielding narrower bounds [¢r, éy] in some

settings.
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6. COMPUTATIONAL ALGORITHMS

In this section, we describe how to solve the optimization problems given in (5.2)-

(5.3). In all the cases we considered, G, has the form
(6.1) Go = 1915+ -590) 2 §(x;) = 8(x), @) < g5 < §(x5) + 5(25,0) Vj}

for an appropriate choice of §(z;,) > 0. For example, for asymptotic inference
under the random design, we have §(z;,a) = n*1/2.§jzl_a/(2J) (see the form of G,
defined in (5.10)). The constraints in (5.3) are bilinear and could potentially create
computational difficulties; however, it turns out that it is easy to solve (5.2)-(5.3)
with G, in the form of (6.1). Specifically, the following theorem shows that it suffices
to solve the sign-restricted optimization problem below. Since Assumption 3 makes
B a box and all additional restrictions in (6.3) are linear, this problem is a linear

program (LP).

Theorem 6.1. Solutions to (5.2)-(5.3) with G, in the form of (6.1) can be obtained
by solving

(6.2) maximize (minimize) :r'b
beB beB
subject to
(6.3a) (xj1+boxjo+ -+ bgxjg) >0 if §g(x;) — 5(z;,a) >0,
(6.3b) (Tj1+baxjo+ - +bgxjy) <0 if §g(x;) + 5(z;,a) <O0.

Thus a constraint is imposed for index j only when the confidence interval for g,
lies strictly above or strictly below zero. If §(z;) € [—5(z;, @), 5(x;, )], no constraint
is imposed for that index. In what follows, we refer to the LP representation in

Theorem 6.1, for either endpoint, as the confidence-region linear program.

7. MISCLASSIFICATION

We define misclassification to mean a difference between the feasible classification
based on the estimates (¢, ¢y) and the classification based on the unknown population
quantities (cr, cy). Misclassification can occur because (¢r, éy) is subject to random
sampling errors and, therefore, may differ from (cg,cy). This section describes how
the difference affects the classification rules described in Section 4. The relevant
issue is whether the signs of ¢, and ¢y agree with those of ¢, and c¢y. We call this

issue sign stability. The entire probability distributions of ¢, — ¢, and ¢y — ¢y are
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not relevant to misclassification. The remainder of this section describes the sign-
stability issues in more detail and presents a uniform upper bound on the probability
of misclassification. Refined bounds for a given covariate value are developed in

Supplemental Appendix S-2.

7.1. Sign Stability. Under Assumptions 1 and 2, go; # 0, so d; = sgn(go;) €
{—1,1}. The population program (3.4)-(3.5) imposes the sign constraint d;b'z; > 0
at support point j. By contrast, the formulation in (5.2)—(5.3) jointly optimizes over
g € G, and b, so the sign restriction at support point j is determined by the feasible
signs of g;.

The coverage event gy € G, gives endpoint coverage by Theorem 5.1, but it does not
by itself imply ¢, (r) = c.(r) and ¢y (r) = cy(r). If a confidence interval for g; contains
zero, the confidence-region linear program (6.2)—(6.3) drops the corresponding sign
constraint.

Define the global sign-agreement event
So = {gj90,; > 0 for every g € G, and every j =1,...,J}.

On 8,, the confidence-region and population programs impose the same sign con-

straints, so
(7.1) ¢r(r) = cep(r), cu(r) =cy(r),

and the feasible and population decision rules agree for every r.

For the rectangular confidence region (6.1) and the confidence-region LP (6.2)—
(6.3), there are two ways in which global sign agreement can fail. First, the population
program imposes sign constraints at indices j for which [g(z;)| < §(z;, ), but the
confidence-region LP does not. We call these dropped constraints. Define the dropped-
constraint set

To= {3 19(2;)| < 8(zj,0)}.
The weak inequality in the definition of fa is deliberate: when zero is feasible for g;,
the bilinear constraint does not restrict the sign of t'x;.
Second, the confidence interval for g; can lie strictly on the opposite side of zero

from go ;. Let
Ea =17 (dj =1, §(z;) + 5(z;,0) < 0) or (dj = —1, §(z;) — &(z;,@) > 0)}

denote the set of wrong-sign constraints. If j € ga, the confidence-region LP reverses

the direction of the corresponding population sign constraint. We call this a sign
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reversal. Such a reversal can occur only if g9 ¢ G,. The strict inequalities in the
definition of (E:\a are exactly the conditions under which the confidence interval for g;

lies strictly on the wrong side of zero.

Lemma 7.1 (Sign-Agreement Decomposition). Suppose Assumptions 1 and 2 hold,

and let G, be the rectangular confidence region in (6.1). Then
So={Ju =0} N{E = 0}.

Lemma 7.1 identifies the two possible failures of global sign agreement. If neither
a constraint is dropped nor a wrong-sign constraint is imposed, the population and
confidence-region programs have the same feasible set, so their endpoints and classifi-
cation rules agree for every value of X,. Failure of S, need not imply misclassification

at a given covariate value.

7.2. A Misclassification Bound. Misclassification means a discrepancy between
the population classification rule based on [cr,cy] and the feasible rule based on
[¢1, ¢ul; it is a sampling error relative to the population maximum-score rule, not
a prediction error relative to the realized outcome Y. Let Mgy (z) and Milg(z)
denote, respectively, the population and feasible abstention rules from Section 4. Let
MEq (z;€) and Ml (x; €) denote the corresponding random-classification rules, where
the population and feasible rules use the same Bernoulli(p*) draw &, independent of

the estimation sample and of X,. Define
Ma(X.) = H{Mjs(X.) # Mor(X)},
Mr(Xi;§) = ]{MQS(X*QQ # MgR(X*;f)}~
On S,, the population and feasible endpoints are identical for every value of X,.
Hence both disagreement indicators equal zero, so each misclassification event is con-
tained in S5.
For brevity, we focus on the fixed design, finite-sample confidence region in (5.6).

The method of proof of Theorem 7.1 can be adapted to the other confidence regions
described in this paper. For each j, let

n.
hjoam = (|go,j| - #%@)Jr, (a), = max{a,0}.
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Theorem 7.1 (Misclassification Bound). Suppose Assumptions 1(a) and 2 hold, and
consider the fived-design finite-sample confidence region in (5.6). For a fized classifi-
cation target X,,
P{M4(X,) =1} < P(Sp),
P{Mn(X.;€) = 1} < P(S5),

where the second inequality uses the common randomization device. Moreover,
J J 27,2
2n? n; 2 2n2h?

7.2 PSH) <Y e __< . +—Jt-a) SN e [ iam )
(7.2) (83) < ;:1 Xp{ " 19051 + 15, ;:1 Xp o

For fixed o and J, along a sequence of fixed designs for which the cell shares n;/n
are bounded away from zero, the right-hand side of (7.2) decreases exponentially
in n. Because S, guarantees equality of the endpoint programs for every value of
X,, the bound is uniform in X, and therefore also applies when X, is random and
independent of the estimation sample.

By Lemma 7.1,

So= (& # 0} U{Ta # 0.
Thus,
P(SS) < P(E, # 0) + P(To # 0).
The first sum in (7.2) bounds P(E, # 0), while the second bounds P(7, # (). Refined
bounds for a given covariate value X, are developed in Supplemental Appendix S-2,

together with their implications for expected excess regret.

8. CONTINUOUS COVARIATES

In this section, we extend our framework to continuous covariates by discretizing
them and following the bounds approach of Manski and Tamer (2002), hereafter MT.

8.1. Model. Let X be a discretely distributed random vector with dim(X) = ¢x
and V' be a continuously distributed random vector with dim(V') = ¢y. The model

is given by

e if /X +8V—-U>0
10 AX+IV-U<0’

where the conditional distribution of U given (X, V') is absolutely continuous with re-
spect to Lebesgue measure, and P (U < 0 | X, V') = 7 almost surely for some constant
0 < 7 < 1. We use the scale/sign normalization §; = 1, where 9; is the first element of

0. We consider two cases. First, V may be interval observed: the researcher observes
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Vo and Vi, with Vy <V <V} component-wise, but not the exact value of V. Second,
V' may be observed continuously and then discretized by the researcher into hyper-
cubes, with V5 and V; denoting the lower and upper endpoints of the cell containing
V. In both cases, the observed covariates for this section are W = (X', Vi, V{)".

In this setting, @ = (', 4’) is not point identified. The objective here is to estimate
upper and lower bounds on 7’6, where r is a constant vector whose components are
not all zero.

We impose the following regularity conditions.

Assumption 5. (1) W is discretely distributed.
(2) {(Y;,W;) i=1,...,n} is an independent random sample of (Y, W).
(3) 6= (8.0") € © C RV where © is the known box that imposes 3, < fBj, <
Br fork=1,...,qx, 01 =1, and 0 < 6y < 9y for ¢ = 2,...,qy, for known
finite constants 5, < By and 0 < §; < .

We now make the following modification of M'T’s interval, monotonicity, and mean

independence (IMMI) assumptions.

Assumption 6 (IMMI). (1) Interval (I): Vo <V < Vi if Vo and Vi are non-
stochastic, and P (Vo <V < Vi) = 1 if they are random, where the inequalities
hold component-wise.

(2) Monotonicity (M): E(Y | X, V) exists and is weakly increasing in each com-
ponent of V.
(3) Mean independence (MI): E(Y | X, V, Vo, V1) =EY | X, V).

MT’s Proposition 1 uses monotonicity of E(Y | X, V), not the restriction that the
components of § are non-negative. In the semiparametric index specification above,
the signs of the coefficients on the components of V' are assumed to be known, as is
often natural in applications (for example, when V is a price). This known index-
sign restriction is imposed through ©: after changing the sign of any component
whose coefficient is known to be negative, we write the corresponding coefficients as
non-negative. With an unrestricted conditional distribution of U, monotonicity of
E(Y | X, V) alone need not determine the signs of 4.

8.2. Identification Result. Let W = {w; = (xj,v05,v1;) : j = 1,...,J} denote the
mass points of W. The following lemma is the componentwise endpoint inequality
implied by the MT argument. For scalar V', M'T prove sharpness of the corresponding
envelope bounds for E(Y | X = z,V = v); the present argument uses the endpoint

inequalities to form sign restrictions for the maximum score problem.
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Lemma 8.1. Let the IMMI assumptions hold. Then, the following inequalities hold
for all w = (x,vg,v1) € W:

(8.1) E(Y [ X=2,V=0)<EY|W=uw)<EY |X=2V=u).

Now define
flw)=PY =1|X=ua;,Vo=vp;,Vi=01;) — T
and
1 if f(wy) >0

d; =sgn[f(w;)] = 0 if f(w;)=0".
1 if f(w;) <0

We now make an analog of Assumption 2.
Assumption 7. |f(w;)| >0 forall j=1,...,J.

This assumption is similar to Assumption 2: it excludes boundary cases in which

the conditional choice probability equals 7. By Lemma 8.1 and the implications
PY=1|X=2;,V=u)—7]>0=f'z;+v; >0,
PY=1|X=ux;,V=u)—7<0= 02+ v; <0,
if d; =1, then
PY=1|X=u;,V=uv;)—7>0 and hence pf'z;+ dvy; > 0.
Similarly, if d; = —1, then
PY=1|X=u;,V=uvy)—7<0 and hence pf'z;+ §vy; <O.
Following the baseline analysis in Section 3, we use the weak-inequality outer set
0(0)=1{0=(8,0) €0: I(d; =1)(Bz; + &vij)
— I(d; = =1)(B'z; + 6'vg;) >0, j=1,...,J}.

This set contains the strict sign-restriction set implied by the true parameter and
may include boundary values with zero endpoint index. Positive margin restrictions
can be imposed as a sensitivity analysis, but the main continuous-covariate analysis

uses € = 0.
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The baseline upper and lower bounds on 7’6 over ©(0) are the optimal values of

the following linear program:

(8.2) maximize (minimize) '
0€0 22E)
subject to
(83) ](dj = 1)(ﬂ,l’J + (5,1)1]') - I(d] = —1)(5,1'j + 5/U0j) Z 0

forall j=1,...,J.

8.3. Inference. For brevity, we focus on the random design case. It is straight-
forward to modify the following discussion to the fixed design case. As before, we
define

gw;) =P Y =1|X =25, Vo = voy, Vi = v15) — 7] pw (wy),

where py/(-) is the probability mass function of W. As py (w;) > 0, we have that
sgn[f(w;)] = sgn[g(w;)] for all j =1,...,J. We now define the estimator

gwj)=n"" )y (Yi—7)I(W; = wy)

i=1

and assume that we have the following confidence set for g; = g(w;):
(8.4) Ga =A{(91,---,97) : §(w;) — 8(wy, @) < g; < §(wy) + 8(wy, ) Vj}

for an appropriate choice of §(w;, o) > 0.
The same argument as in Theorem 6.1 reduces inference to the following sign-
restricted LP:

(8.5) maximize (minimize) : 7’0
o 9o
subject to
(8.6a) (B'x;+d'vi;) >0 if glw;) — S(wy, ) > 0,
(86b) (ﬂ/ZL’j + 5/1}0]') S 0 if Q(U)J) + §(U)j, Oé) < 0.

When vg; = vy, the resulting optimization problem is the same as (6.2).

8.4. Classification. Suppose that we want to classify a new member of the popula-
tion at a fixed covariate value (X, V). Equivalently, this classification problem can

be represented by the degenerate hypercube W, = (X, V!, V), where W, may not
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be an element in the support W of W. In particular, V, can be different from the
realized values of (Vi;, V3;). Then, for the classification index, set . = (X, V/). We
solve (8.5) with r = r, and let ¢ (X.,V.) and cy(X,, Vi) denote the resulting lower
and upper bounds. As before, we assign Y = 1 if ¢ (X,, Vi) > 0 and ¢y (X, Vi) > 0,
assign Y = 0 if ¢y(X,, Vi) < 0, and abstain from classification or apply random
classification if cr (X, Vi) < 0 < cp(Xs, Vi).

9. EMPIRICAL ILLUSTRATIONS

In Section 9.1, we apply our method to classify resumes in the context of hiring
decisions. In Section 9.2, we demonstrate how the approach can be extended to
interval-valued covariates using the resume classification example. Finally, in Sec-
tion 9.3, we use our method to assess the likelihood of marriage among women in

developing countries.

9.1. Incentivized Resume Rating. In this section, we use data from Kessler, Low,
and Sullivan (2019) to illustrate the methodology developed in this paper. Kessler,
Low, and Sullivan (2019) introduced a new experimental paradigm, called incentivized
resume rating (IRR). For each resume, the authors asked two questions, both on a
Likert scale from 1 to 10:

(i) “How interested would you be in hiring [Name|?” (1 = “Not interested”; 10
= “Very interested”);

(ii) “How likely do you think [Name| would be to accept a job with your organi-
zation?” (1 = “Not likely”; 10 = “Very likely”).

We construct the binary response variable by setting Y; = 1 if the rating for the
first question is greater than or equal to 5 and Y; = 0 otherwise. This outcome can
be viewed as a proxy for whether a resume warrants a callback. The actions in this
empirical exercise therefore correspond to the decision problem in Section 4: y = 1
means extending a callback, § = 0 means declining, and § = () means deferring the
decision.

Among possible covariates, we include:

e GPA € {3.0,3.2,...,4.0}, that is, GPA is grouped into six categories via
ceiling(GPA x 5)/5;

e An indicator variable for Top Internship, which refers to internships at pres-
tigious firms;

e Intercept.
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GPA and Top Internship are the two most important predictors in the regression
analysis of Kessler, Low, and Sullivan (2019); see their Table 1. In this example,
n = 2880 and J = 6 x 2 = 12. Out of 12 covariate groups, the minimum, median,
and maximum group sizes are 110, 226, and 347, respectively.

Figure 1 displays the sample analog of P(Y = 1 | X = z;), the probability of
receiving a rating of 5 or higher for hiring interest, by covariate group. Blue triangles
correspond to 6 GPA groups (points of support of the covariates) with a top internship
(i.e., Top Internship = 1) and red squares those without a top internship (i.e., Top
Internship = 0). It can be seen that having a top internship boosts the ratings
although the vertical distance between the triangle and square is not uniform across
different GPA groups. The orange horizontal line represents the probability of 0.5. In
the estimation sample, the fraction of observations with Y = 1 is 1513/2880 = 0.525,

so we set 7 = 0.5 in this example.

Sample Prob. P(Y=1|X=x)

1.0

0.8

prob.
>

0.2

0.0
1

o No Top Internship
A Top Internship
T T T T T T
3.0 32 34 36 3.8 4.0

GPA

FIGURE 1. Sample analog of P(Y = 1| X = x) by GPA and Top Internship

In view of Figure 1, we consider the following simple linear specification for 'z
with 7 = 0.5:

(9.1) B'x = x GPA+ By x Top Internship + B3,

where 57 = 1 by scale normalization. The main parameter of interest is fs, which
measures the effectiveness of having a top internship relative to the effect of GPA.
Column (1) of Table 1 reports misspecification-robust asymptotic 95% logit con-

fidence intervals for the two normalized coefficients. Column (2) solves (6.2)—(6.3)
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TABLE 1. Interval estimates for coefficients across different methods

(1) (2) (3) (4)
Logit MS: Sample MS: Fixed Design MS: Random Design
Top Internship  [0.32, 0.58] [0.2, 0.6] [—0.2, 1.0] [—0.2, 1.0]
Intercept [—3.73, —3.59] [-3.6, —3.4] [—4.0, —3.4] [—4.0, —3.4]

after setting §(x;,a) = 0, thereby treating the sample sign restrictions as known.
Columns (3) and (4) instead use the asymptotic 95% confidence regions under fixed
and random designs, respectively. For maximum score, we set 7 = 0.5, normalize
B1 = 1, and restrict —10 < ; < 10, j = 2,3. The Top Internship coefficient is
strictly positive under logit and the sample sign restrictions, whereas accounting for
sampling uncertainty produces wider intervals. The fixed- and random-design inter-
vals coincide in this application. The sample is too small for informative finite-sample
bounds; Supplemental Appendix S-4 studies the sample sizes needed for such bounds
in the corresponding fixed-design simulation.

Figure 2 reports classification by covariate group. The top-left panel uses the sign
of xg BLOgit; because 7 = 0.5, it assigns 1 to a positive index and 0 otherwise. The other
panels apply the abstention rule in Section 4, with () denoting non-classification and
exact boundaries assigned to 0. These maximum score panels correspond to columns
(2)—(4) of Table 1. The logit rule classifies six covariate groups as 1 and six as 0, with
Top Internship changing the classifications of the middle GPA groups 3.4 and 3.6.
Treating sample probabilities as population probabilities, the sample maximum score
rule classifies eight groups as 1 and four as 0, with no non-classifications. Relative to
no top internship, Top Internship changes the classifications at GPA 3.2 and GPA 3.4
from 0 to 1. The fixed- and random-design confidence-region panels coincide, each
classifying four groups as 1, four as 0, and four as non-classification. They classify
GPA groups of 3.6 or higher with a top internship as 1 and GPA groups of 3.4 or
lower without one as 0; all panels classify both internship statuses at GPA 3.0 as
0. We omit the random-classification version because assignments in the abstention

region depend on the randomization device.

9.2. Incentivized Resume Rating: GPA as an Interval Covariate. In this
subsection, we illustrate the extension discussed in Section 8. Recall that we group
GPA into six categories using ceiling(GPA x 5)/5. In the original data, GPA ranges

from 2.90 to 4.00 and is recorded to two decimal places. We therefore use the following
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FiGURE 2. Classification by Covariate Groups

closed interval hulls for the grouped GPA values:

{Jvgj,v15] : 5 =1,...,6} = {[2.9,3.0],[3.0,3.2],...,[3.8,4.0]}.

TABLE 2. Coefficient Intervals with Discrete and Interval-Valued GPA

(1) ) ) ()
GPA as Discrete GPA as Interval Data
Fixed Design Random Design Fixed Design Random Design
Top Internship  [—0.2, 1.0] [—0.2, 1.0] [—0.4, 1.1] [—0.4, 1.1]
Intercept [—4.0, —3.4] [—4.0, —3.4] [—4.0, —3.2] [—4.0, —3.2]

Table 2 reports the effects of treating GPA as an interval covariate. Columns
(1) and (2) reproduce the fixed- and random-design estimates from Table 1, where

GPA is treated as discretely observed; columns (3) and (4) report the corresponding
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estimates when GPA is treated as interval-valued. The resulting bounds on Top
Internship become wider, reflecting the additional uncertainty from interval censoring.
The interval for Top Internship widens from [—0.2,1.0] to [—0.4,1.1], and the upper
endpoint of the intercept interval increases from —3.4 to —3.2. Thus, allowing for
interval-valued GPA weakens the sign restrictions generated by the support points,
as expected.

We also revisit our classification exercise. Figure 3 compares the classification
results when GPA is treated as discretely observed and when it is treated as interval-
valued. Since the fixed- and random-design classifications coincide in this application,
the figure displays one representative classification rule for each case. Treating GPA
as interval-valued leads to more cases of non-classification ({) on the y-axis), reflecting
the additional uncertainty from interval censoring. With discrete GPA, four resume
types are classified as 1, four as 0, and four are left unclassified. With interval-valued
GPA, four resume types are classified as 1, two as 0, and six are left unclassified.
Relative to discrete GPA, the resume type with GPA 3.4 and no top internship and
the resume type with GPA 3.0 and a top internship move from classification as 0
to non-classification. These changes reflect the additional uncertainty from inter-

val censoring. As before, we do not display classification outcomes under random

classification.
GPA as Discrete GPA as Interval
- A A n ~ A A Jal
] ]
= Q 4 A A =] =] k= Q q4A A n =] =]
8 8
2 2
& o 8 o m] & o —q0O o
o o
O No Top Internship O No Top Internship
A Top Internship A Top Internship
T T T T T T T T T T T T
3.0 3.2 3.4 3.6 3.8 4.0 3.0 32 3.4 3.6 3.8 4.0
GPA GPA

Fi1GuRre 3. Classification by Covariate Group: Discrete versus Interval-
Valued GPA

9.3. Age of Marriage. In this subsection, we provide a second empirical example
using data from Corno, Hildebrandt, and Voena (2020). We use their Sub-Saharan



BINARY CLASSIFICATION 33

Africa sample, which contains more than two million observations and includes survey
sampling weights. Observations within the same geographic grid cell are unlikely to
be independent. In the regression analysis of Corno, Hildebrandt, and Voena (2020),
regression coefficients are estimated with survey sampling weights and the standard
errors are clustered at the grid cell level. Our framework can be extended to account
for clustered dependence and survey sampling weights. Since these details are not
essential for understanding the empirical results in this section, we provide them
in Supplemental Appendix S-3. We focus on the asymptotic inference method in
Supplemental Appendix S-3.2, because the effective sample size is too small for the
finite-sample method to be informative.

In this example, the dependent variable is an indicator equal to one if a woman
married at the age corresponding to the observation and zero otherwise. Among

possible covariates, we include:

e age in years (minimum: 12 and maximum: 24);

e an indicator variable for drought, which is the main covariate in Corno, Hilde-
brandt, and Voena (2020);

e three birth-decade fixed effects, with the oldest cohort omitted;

e an intercept term.

They are all discrete covariates and the resulting J is J = 13 x 2 x 4 = 104. In
the notation of Section 3, the J = 104 possible values z; are the age-drought-cohort
combinations used in the figures and tables below. Figure 4 displays the weighted
sample analogs of P(Y =1 | X = x;), j = 1,...,J, by age, drought, and birth
cohort. The sample probabilities are computed using country population-adjusted
survey sampling weights. The weighted sample proportion of Y = 1 in the estimation
sample is 0.113. We fix 7 = 0.12 in this example; the orange horizontal line in each
panel shows this threshold.

It can be seen from Figure 4 that the age effects tend to be linear up to around
age 18 and become more or less flat after age 18. In view of this, we consider the

following specification for f’x with 7 = 0.12:

B’z = B x (age — 18)I(age < 18) + By X drought + (3 x I(cohort = 1960)
9.2
©-2) + B4 x I(cohort = 1970) + S5 x I(cohort = 1980) + S,

where g1 = 1.
Table 3 reports normalized weighted logit confidence intervals and maximum-score

interval estimates. The logit column is reported on the same scale as (9.2): the
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FIGURE 4. Probability of marriage by covariates
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TABLE 3. Coefficient estimates and intervals

) ©) )

Logit MS: Sample MS: 95% CR
Drought [0.3, 0.6] 1, 1] [—1, 2]
Birth Cohort 60 [~0.7, —0.4]  [—1, 0] [~2, 1]
Birth Cohort 70 [~1.4, —1.0]  [-2, —1] -3, 1]
Birth Cohort 80 [-1.9, —1.4] [-3, —2] [—3, 0]
Intercept [2.6, 3.0] (3, 4] 3, 4]

coefficient on (age — 18)I(age < 18) is normalized to one. Because 7 = 0.12, the
logit classification rule assigns 1 according to whether the fitted logit index exceeds
log{7/(1—7)}, not zero. To put the logit coefficients on the same zero-threshold scale
as the maximum-score index, we subtract this threshold from the raw logit intercept

before normalizing. In this application, log{7/(1—7)} ~ —1.99, so the adjustment is
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quantitatively important. The logit intervals are based on the weighted logit estimator
and cluster-robust standard errors at the grid cell level, so both survey weights and
within-cluster dependence are handled. Column (2) treats sample probabilities as
population probabilities. Column (3) uses the 95% confidence region. The fixed- and
random-design clustered confidence regions select the same support-point restrictions
in this application and therefore produce the same coefficient intervals; the table
reports the common interval. Details of these clustered, survey-weighted confidence
regions are in Supplemental Appendix S-3.2.

The weighted logit intervals indicate a positive drought coefficient and increasingly
negative cohort coefficients for later birth cohorts. These intervals are relatively tight,
reflecting the parametric logit specification. The sample maximum-score intervals in
column (2) are quite tight. Because all regressors are integer-valued, the tightest
interval is a point, as in the case of drought, and the next tightest interval has length
one, as for the other covariates. The maximum-score intervals become wider in column
(3), as sampling uncertainty is incorporated through the confidence region G,.

We now turn to the classification exercise. The main text reports the sample and
confidence-region maximum score rules; weighted logit classification results are re-
ported in Supplemental Appendix S-3.3. Treating sample probabilities as population
probabilities, the sample maximum score rule classifies 72 age-drought-cohort com-
binations as 1 and 32 as 0. For none of the 104 combinations does the admissible
interval for the classification index straddle zero, meaning that no interval has both
a negative lower endpoint and a positive upper endpoint. Consequently, the sample
rule never abstains. Six intervals equal [0,0], and these cases are assigned to 0 un-
der the convention in Section 4. In these six cases, the sample sign restrictions on
the discrete covariate grid yield zero as both the minimum and maximum admissible
classification index.

The sample maximum score rule displays pronounced cohort effects: classification
as 1 occurs at later ages for later birth cohorts. Drought changes the displayed
classification at age 14 for the 1950 cohort, age 15 for the 1960 cohort, age 16 for the
1970 cohort, and age 17 for the 1980 cohort. Figure 5 displays these classifications.

Figure 6 depicts the maximum score classification rule using the 95% confidence
region. The rule classifies 70 age-drought-cohort combinations as 1, 22 as 0, and
leaves 12 combinations unclassified. Drought changes the displayed classification in
six combinations. These changes occur when adding sampling uncertainty makes

the confidence-region interval for the classification index strictly contain zero for one
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F1GURE 5. Maximum Score Classification: Treating Sample Probabil-
ities as Population Probabilities

drought status but not the other; the rule then reports non-classification rather than
a binary label. The random-design implementation gives the same classification in
this application, so it is not displayed separately. As a sensitivity check, we also
compare the baseline 7 = 0.12 results with 7 = 0.11; the fixed- and random-design
displayed classifications change in 7 of 104 age-drought-cohort combinations. Overall,

the classification exercises demonstrate the usefulness of our methodology.

10. MONTE CARLO EXPERIMENTS FOR MISCLASSIFICATION

To study the finite-sample behavior of the proposed classification rules, we conduct
a Monte Carlo experiment. Specifically, we base our experimental design on the first

empirical example reported in Section 9.1. We retain the same covariate design (X)
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FIGURE 6. Maximum Score Classification: 95% Confidence Region

from Section 9.1 and generate Y as follows:
Y= 1Y >0)
Y = 1 x GPA; + 3 x Top Internship, + 5 + U;,
where U; = o(X;)V;, V; ~ N(0,1), and
(86", 857, 65”) = (1,04, -3.7)’

We consider a homoskedastic design with o(X;) = 0.5 and a heteroskedastic design
with
GPA;

2
o(X;) =02 |1+ { + Top Internshipi}
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The parameter values of (ﬂél), éZ), ﬁég)) are chosen to mimic the empirical results
reported earlier and to ensure that the population values of go(z;) are never zero.
The classification target is the off-support covariate value X, = (3.9,0), where the
coordinates are GPA and Top Internship. The quantile of interest is 7 = 0.5, the
reported significance levels are a € {0.01,0.05,0.10}, and the number of Monte Carlo
repetitions is 1,000.

TABLE 4. Monte Carlo Simulation Results: Classification Errors

Panel A. Abstention Allowed

«@ Homoskedastic Heteroskedastic
n =2880 2n =5760 3n =8640 n =2880 2n =5760 3n = 8640
0.01 0.693 0.231 0.055 0.722 0.288 0.094
0.05 0.512 0.117 0.015 0.558 0.163 0.030
0.10 0.426 0.083 0.007 0.479 0.127 0.017
Panel B. Random Classification
o Homoskedastic Heteroskedastic
n=2880 2n =5760 3n =8640 n =2880 2n =>5760 3n = 8640
0.01 0.325 0.109 0.028 0.381 0.141 0.057
0.05 0.240 0.054 0.003 0.302 0.073 0.018
0.10 0.194 0.041 0.002 0.252 0.055 0.012

Notes: Here, n = 2880 refers to the original sample size in the Section 9.1 applica-
tion. Classification errors are evaluated at the off-support target value GPA = 3.9,
Top Internship = 0.

Table 4 reports misclassification frequencies using the criterion in Section 7.2 and
feasible endpoints from the fixed-design asymptotic confidence region in (5.9). In
Panel A, both the population and feasible rules permit abstention, and a misclassi-
fication occurs when their classifications at X, differ. Rows vary «, while columns
repeat the fixed covariate design ¢ = 1,2,3 times; increasing the sample size by a
factor of ¢ adds ¢ — 1 additional copies of the original fixed covariate design. For
each Monte Carlo repetition, we compare the confidence-region-based and population
classifications and average the resulting disagreement indicator.

Panel B instead uses the random-classification rule in Section 4.2 with the common
randomization device and p* = 1/2, corresponding to symmetric costs. The feasible
rule uses the same device. Although the population rule differs from that in Panel A,
the definition of misclassification is unchanged.

In both panels, misclassification frequencies decrease with sample size as the se-
lected sign restrictions become more stable. The levels depend on the noise design.

In Panel B, conditional on an endpoint-crossing case under common randomization,
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the realized error probability is 1 — p* or p*, depending on which side of zero contains
the population interval. With p* = 1/2, this probability equals one half; see Supple-
mental Appendix S-2.2. A nonparametric sample-frequency classifier is unavailable at
the off-support target, illustrating the value of extrapolation through the maximum

score model.

11. CONCLUSIONS

We have shown that scalable inference for the maximum score model can be im-
plemented using linear programming, and we have developed credible binary classifi-
cation rules that account for partial identification and sampling uncertainty. In our
empirical examples, the finite-sample methods do not produce informative bounds,
whereas the asymptotic methods do. Developing tighter joint confidence regions than
those obtained through the Bonferroni correction is a natural direction for future re-
search.

APPENDIX A. PROOFS

Proof of Theorem 4.1. For each possible sign, regret is loss relative to the oracle action
for that sign. If f(z) > 0, the oracle action is § = 1 and the oracle loss is C;". If
f(x) < 0, the oracle action is y = 0 and the oracle loss is C; .

First suppose cp(x) > 0 and c¢y(x) > 0. Then every admissible value of b’z is
nonnegative and at least one admissible value is positive. Classifying as 1 has zero
regret at positive values and, by the exact-boundary convention, at zero. Hence
classifying as 1 is minimax-regret optimal. If c¢y(z) < 0, no admissible value is
positive. Classifying as 0 has zero regret at negative values and at zero, and is
therefore minimax-regret optimal.

Now suppose ¢ (x) < 0 < cy(z). Both signs are consistent with the identified set.
If the rule classifies as 1, its regret is zero when f(z) > 0 and C~ —C,” = Reggp when
f(z) < 0, so its worst-case regret is Regpp. If the rule classifies as 0, its regret is
C* — ) = Regpy when f(z) > 0 and zero when f(z) < 0, so its worst-case regret is
Regpy. If the rule does not classify, its regret is Cy — C" when f(z) > 0 and Cy— C,;
when f(z) < 0, so its worst-case regret is Regy. By (4.6), abstention has weakly

smaller worst-case regret than either binary action. This proves the claim. 0

Proof of Theorem 4.2. First suppose cz(z) > 0 and ¢y (x) > 0. Then every admissible
value of b’z is nonnegative and at least one admissible value is positive. Classifying as

1 has zero regret at positive values and, by the exact-boundary convention, at zero.
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Hence classifying as 1 is minimax-regret optimal. If ¢y (z) < 0, no admissible value
is positive. Classifying as 0 has zero regret at negative values and at zero, and is
therefore minimax-regret optimal.

Now suppose ¢ (z) < 0 < cy(x). Both signs are consistent with the identified set.
If the rule classifies as 1 with probability p, its regret is (1 — p)Regpy when f(z) > 0

and p Regpp when f(x) < 0. Its worst-case regret is therefore

max{ (1 — p)Regpy, p Regpp }-

Since both regret indices are positive, this maximum is minimized by equalizing the

two terms:
(1 - p>RegFN = pRegpp.

Solving gives
x _ Regpy
Regpp + Regpy’
which proves the claim. ([l

p

Proof of Theorem 5.1. Suppose that gg € G,. If b is feasible for the population prob-
lem (3.6)—(3.7), then

905 (i1 + bajo + -+ +bgrig) 20, j=1,....J.

Since gy € G,, the same b is feasible for the estimated problem (5.2)-(5.3) by taking
g = go. Therefore, the feasible region of (5.2)—(5.3) contains the feasible region of
(3.6)—(3.7). Consequently,

¢ <cp<cy<cy

on the event {gy € G,}. Hence
P{é, <cp <r'B<cy <ép}>P{go€Ga} >1—aq,

which proves the theorem. 0

Proof of Theorem 6.1. For each j, the effect of the bilinear constraint in (5.3) depends
on whether the coordinate confidence interval for g; is strictly positive, strictly nega-
tive, or contains zero. If the interval is strictly positive, the constraint is equivalent to
270 > 0. If the interval is strictly negative, it is equivalent to b < 0. If the interval
contains zero, we may choose g; = 0, so the constraint imposes no restriction on b.

Therefore, when G, is a Cartesian product of intervals as in (6.1), solving (5.2)-(5.3)
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is equivalent to solving

(A.1) maximize (minimize) )
beB; g€Gn beB; g€Ga
subject to (6.3) and
(A.2) Gj (i1 +baxjo+ -+ byxj,) >0 if —5(x;,a) < g(x;) < §(zy, ).

Suppose that we want to solve the maximization problem in (A.1) under (6.3) and
(A.2). We first start with the maximum under (6.3) only. We now verify that the
same maximum is achievable under (6.3) and (A.2). Let b, p denote a maximizer under
the relaxed LP problem (that is, a solution under (6.3) only). If we add additional
restrictions in (A.2), the resulting maximum cannot be larger, and so r'b.p is the
maximum value under both sets of restrictions if we can verify that l~)Lp is feasible
under (A.2). For every j such that —§(z;, ) < g(z;) < §(x;, @), the rectangular
confidence interval for g; contains zero. Hence we can choose g; = 0, in which case
the bilinear constraint gjx;-l;Lp > 0 is automatically satisfied, including boundary
cases in which only one sign of g; is otherwise feasible. The minimization problem is

handled by the same argument. Thus, we have obtained the desired result. 0

Proof of Lemma 7.1. For each coordinate j, the interval for g; either contains zero,
lies strictly on the population side of zero, or lies strictly on the opposite side of zero.
The condition 7, = () rules out the first case for every coordinate, while £, = 0 rules
out the third. Thus every feasible g; has the same sign as go; for every coordinate,

which is exactly S,. The converse is immediate. ([l

Proof of Theorem 7.1. On S, the population and confidence-region programs impose

the same sign restrictions, so their endpoints agree for every r by (7.1). The absten-

tion rules therefore agree. Under the common randomization device, the random-

classification rules also agree. Thus each misclassification event is contained in S.
It remains to bound P(S¢). By Lemma 7.1,

(A.3) S¢={E, £ 0} U{T, #0}.

The half-width of the confidence interval for go; is (n;/n)t;. A sign error at
support point x; can occur only if the confidence interval for g ; lies entirely on the

wrong side of zero. If go; > 0, this requires

A n;
g(ﬂ?g) + g]tﬁa < 0,
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which implies
N 1
9(x5) — 9o < — (!go,j| + g%@) -
If go; < 0, the analogous event is
A n;
g(x;) = —Itja >0,
which implies
A N
9(x;) = g0 > l90,4] + -, L
Recalling that d; = sgn(go;), both cases can be written as
. n; . n;
{dj <9(%’) + dj#%a) < 0} c {dj(g(xj) — 904) < — <!90,j! + gjtj,a>} -

Under the fixed design,

4@~ m) =" |- 3 (Vi Py =1]X =)

J i:Xi::Dj

The summands are independent, mean zero, and lie in an interval of length one.

Hence, by the one-sided Hoeffding inequality,

. n; 2n? n; 2
P {dj(g(fﬂj) — Goj) < — (!90,11 + #tj,a>} < exp {—7 (lgo,j! + #%a) } :

j
Combining this bound with the preceding set inclusion and applying a union bound
over j = 1,...,J yields the bound on IP’(&A’Q #£ ().

It remains to bound the probability that at least one restriction is dropped. For

each 7,
. -~ N n;
e Zuy = {lae) < Py}
Let wj = (nj/n)tjya. If GJo,; > Wj, then
{19(z))| < w;} C{g(x;) — 905 < —(g05 —wj)}-
If Go,; < —wj, then
{19(zj)| < w;} €{g(z;) — g0 > lgo,| — w;}-
If |goj] < wj, we use the trivial bound by one. Hence the fixed-design representation

of g(x;) — go; and the one-sided Hoeffding inequality give

. 2n2h?
52 <o (20).

T
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where the right-hand side equals one when h;,, = 0. A union bound over the two
events in (A.3) then over j = 1,...,J gives the displayed bound on P(S%). O

Proof of Lemma 8.1. Let W = (X, Vp, V1) denote the observed covariates and w =
(x,v9,v1). Let m,(v) = E(Y | X = 2,V = v). By assumption I, conditional on

W =w, vg <V < vy component-wise. By assumption M,
My (vo) < my(V) < my(vr)

almost surely conditional on W = w. By the law of iterated expectations and as-
sumption MI,

E(Y |W=w)=E{EY | X,V,Vp,V4) | W = w}
=E{m,(V) | W =w}.

Taking conditional expectations of the preceding monotonicity inequalities establishes
(8.1). OJ
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APPENDIX S-1. SENSITIVITY ANALYSIS: ESTIMATION, INFERENCE, AND
EMPIRICAL RESULTS WITH POSITIVE €

This appendix extends the estimation and inference procedures to margin-restricted

bounds indexed by a tuning parameter ¢ > 0.

S-1.1. Sensitivity of the Population Bounds to ¢. The population linear pro-
gramming problems (3.4)—(3.5) with € > 0 can be written as

(S-1.1) max b or min 7'b
beB beB
subject to
(8-12) gO,j (xj,l +b2xj,2+"'+quj,q) 2 |gO,j’87 ] = 1,...,J.

This formulation is equivalent to using d; = sgn(go ;). Assume that the feasible region
(S-1.2) is not empty, so € cannot be too large.

Put the problem into standard form by defining z;; = —x;; and introducing non-
negative variables b and b, k = 2,...,q, such that b, = b} —b,. Let b" and
b~ denote the corresponding vectors. Define the sign-restriction components of the
right-hand-side vector by

dej = —|g0,le = 90.37j.1-
Suppressing the box-constraint rows whose right-hand sides do not vary with ¢, the

standard-form inequalities corresponding to (S-1.2) are

(8-13) 9o,j [(b; — bQ_)Z]‘Q + -+ (b+ - bq_)Zqu] S da,j’ ] = 1, ceey J,

q

bT, b~ >0 componentwise.

The finite box restrictions in B can be written in the same standard-form system;
they are omitted from the display only because their right-hand sides do not depend
on €. Let d. denote the full right-hand-side vector after adding these rows; its sign-
restriction components are the d. ;’s displayed above, and its remaining components

do not vary with ¢.
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After adding slack variables to convert the displayed inequalities, together with
the box restrictions, to equalities, let Sf k= 1,...,KY denote the optimal basis
matrices for the maximization version of the standard-form problem on an interval
el | <e<ell Let Sk, k=1,...,KE denote the corresponding optimal basis
matrices for the minimization version on an interval ek | < e < ek, The optimal
basis matrices can change as € increases, and the largest relevant interval ends when
the feasible region becomes empty. The integers KY > 1 and KL > 1 allow for
multiple optimal basic solutions. The first intervals begin at € = 0, so €] = gl = 0.

Let p be the objective coefficient vector for the standard-form variables, with entries
e on b, entries —r on b, k = 2,...,q, and zeros on slack and auxiliary variables.
Let p3 4 and ph ., denote the subvectors of p corresponding to the basic variables
in Sfand SL | respectively. All optimal basic solutions for a given endpoint yield

the same value of the objective function. Therefore, for eV | <e <&V,
cUkm(€) = cum(e) =1+ (PBam) (i) "'de,  k=1,..., K],
and, for el | <e <&k,
crLim(€) = com(e) = + (,ogkm)’(S,fm)’ldE, k=1,...,Kk.

Equivalently, write d. = dy — €a, where the j’th sign-restriction component of a
is |go ;| and the components corresponding to rows whose right-hand sides do not
vary with € are zero. On any interval over which the relevant optimal basis remains

unchanged,

cvgm(€) = 71+ (D5 om)' (Sim) " do = £(P5 pom)' (Skm) "'
and
cLam(€) =11 + (pé,km),(slfm)_ldﬂ — &(PBrm) (Sim) a
Thus the upper and lower population endpoints are affine functions of ¢ between

changes in the optimal basis. Globally, if 0 < e; < &5 and both feasible regions are

nonempty, then the feasible sets are nested and

cr(e1) <cpler) < ceplez) < cyler).

S-1.2. Estimation and Inference with Positive €. For ¢ > 0, define the sample
analogs ¢y(e) and ¢r(e) of the population quantities cy(e) and ¢z (e) as the optimal
values of

(S-1.4) maximize (minimize) :1'b
9g€Ga, beEB \ g€g,, beB
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subject to
(8-15) 9g; (wj,1+b2$j,2+"'+quj,q) Z€|gj|, ] = 1,...,J.

When ¢ = 0, (S-1.4)-(S-1.5) reduce to the baseline formulation. When ¢ > 0, the
constraints require a positive margin for coordinates whose sign is restricted. In

particular, if g; > 0, then
(i1 +batjo + -+ bgjg) > €,
and if g; < 0, then
(Tj1 + batjo + -+ + by ) < —€.
Thus, positive ¢ strengthens the imposed sign restrictions by requiring the score to
be bounded away from zero whenever the corresponding sign is nonzero.
On the event gg € G,, every feasible value of b for the population optimization

problem is feasible for the corresponding sample optimization problem by setting

g = go. Therefore,
¢r(e) < eple) <cule) < cule),

so the same endpoint-coverage argument as in Theorem 5.1 gives
P{eL(e) < crle) <cule) <éule)} 2 P{go € Ga} 21— 0.

S-1.3. Computational Algorithms with Positive . We maintain the rectan-
gular confidence region in (6.1). The following theorem extends the computational

reduction of Theorem 6.1 to positive ¢.

Theorem S-1.1. Solutions to (S-1.4)—(S-1.5) with G, in the form of (6.1) can be

obtained by solving

(S-1.6) maximize (minimize) b
beB beB
subject to
(S-1.7a) (j1+boxjo+ -+ byxjg) > e if §glxj) — 8(z;, ) >0,
(S-l?b) (ZL’jJ + bgfL’jQ + -t quj,q) S —& Zf g(l’]) + §(Ij, Oé) < 0.

Proof of Theorem S-1.1. The constraint (S-1.5) is

9i (Tj1 + bajo + - + by q) > €lgjl
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for each j. Since G, is a Cartesian product of intervals, each g; varies independently
over
[9(zj) = 8(xj, @), g(x5) + 5(zj,a)].
We show that, for each j, the bilinear constraint is equivalent to the corresponding
linear restriction in (S-1.7).
Case 1: §(x;) — 5(zj,a) > 0. Every feasible g; is strictly positive. Dividing the
constraint by g; > 0 gives

(xj,l + bQ%’jQ + -+ bql'%q) Z g,

which is (S-1.7a).
Case 2: g(x;) + 5(x;,a) < 0. Every feasible g; is strictly negative, so |g;| = —g;.

The constraint becomes
95 (Tja + bawjo + - -+ +byxj4) = —€g;.
Dividing by g; < 0 reverses the inequality and yields
(Tj1 4 bazjo + -+ b)) < —¢,

which is (S-1.7b).
Case 3: g(x;) — §(z;, ) <0 < g(x;) + 5(xj, ). Zero is a feasible value of g;, and
choosing g; = 0 satisfies the constraint regardless of b. No restriction on b is needed.
Since this equivalence holds for every j, the feasible sets of (S-1.4)—(S-1.5) and

(S-1.6)—(S-1.7) coincide, and the two programs have the same optimal values. O

S-1.4. Sensitivity to ¢ in the Empirical Application of Section 9.1. The pa-
rameter £ imposes a minimum separation condition on the normalized index: when a

constraint is active, the LP requires
’1‘j71 + bgl‘jg + -+ bq$j7q’ Z €.

Thus e should be chosen relative to the scale of the normalized index, not to the
numerical scale of the outcome. In the incentivized resume rating application of
Section 9.1, the coefficient on GPA is normalized to one and GPA is grouped in

increments of 0.2. We therefore use the pre-specified grid
e € {0, 0.02, 0.04}.

The two positive values correspond to 10 and 20 percent of one GPA bin in the

normalized index. The grid is intended only as a local sensitivity check around the
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baseline outer-set analysis with € = 0, not as an estimate of the unknown population

margin.

S-1.5. Empirical Results. Tables 5 and 6 report coefficient bounds for the incen-
tivized resume rating application of Section 9.1 across the three values of €. Table 5
is the positive-¢ analog of Table 1: it recomputes the maximum score coefficient
bounds for the discrete-GPA specification in the baseline analysis in Section 9.1. Ta-
ble 6 is the positive-e analog of Table 2: it recomputes the fixed- and random-design
bounds when GPA is treated either as a discrete covariate or as an interval covariate.
The logit estimates are unchanged across panels because logit does not use LP-based
constraint selection. The estimated maximum score bounds narrow monotonically
as ¢ increases, consistent with Subsection S-1.2: the estimated upper bound ¢y (e)

decreases and the estimated lower bound ¢ (e) increases as the margin requirement

tightens.
TABLE 5. Coeflicient Intervals across Methods and Values of ¢
M ) ) @)
Logit MS: Sample MS: Fixed Design MS: Random Design

e=0

Top Internship _ [0.32, 0.58]  [0.20, 0.60] [=0.20, 1.00] [=0.20, 1.00]
Intercept [—3.73, —3.59] [-3.60, —3.40]  [—4.00, —3.40] [—4.00, —3.40]
e =0.02

Top Internship  [0.32, 0.58]  [0.24, 0.50] [~0.16, 0.96] [—0.16, 0.96]
Intercept [—3.73, —3.59] [-3.58, —3.42]  [—3.98, —3.42] [—3.98, —3.42]
e =0.04

Top Internship  [0.32, 0.58]  [0.28, 0.52] [0.12, 0.92] [0.12, 0.92]
Intercept [—3.73, —3.59] [—3.56, —3.44]  [-3.96, —3.44] [—3.96, —3.44]

Table 7 summarizes the maximum score classifications of the twelve resume groups
under discrete and interval GPA. Although positive € narrows the endpoint intervals,
no displayed classification changes on the reported grid.

Table 8 gives the corresponding endpoint diagnostic for one boundary cell. For
each endpoint, the supporting optimal basis remains unchanged over the reported
grid, so both endpoint paths are affine in €.

APPENDIX S-2. REFINED MISCLASSIFICATION BOUNDS AND EXPECTED EXCESS
REGRET

Section 7 gives a global misclassification bound based on the event that every con-

fidence interval determines the correct population sign. That event is sufficient for
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TABLE 6. Coefficient Intervals with Discrete and Interval-Valued GPA
across Values of ¢

GPA as Discrete GPA as Interval Data
Fixed Random Fixed Random

e=0

Top Internship  [—0.20, 1.00]  [—0.20, 1.00]  [-0.40, 1.10]  [—0.40, 1.10]
Intercept [—4.00, —3.40] [—4.00, —3.40] [—4.00, —3.20] [—4.00, —3.20]
e =0.02

Top Internship  [-0.16, 0.96]  [-0.16, 0.96]  [—0.36, 1.06]  [—0.36, 1.06]
Intercept [-3.98, —3.42] [-3.98, —3.42] [-3.98, —3.22] [-3.98, —3.22]
e=10.04

Top Internship  [—0.12, 0.92] [—0.12, 0.92] [—0.32, 1.02] [—0.32, 1.02]
Intercept [—3.96, —3.44] [-3.96, —3.44] [—3.96, —3.24] [—3.96, —3.24]

TABLE 7. Maximum Score Classification Counts with Positive ¢

£ GPA specification Y =1 Y =0 ( Changed
0 Discrete 4 4 4 0
0 Interval 4 2 6 0
0.02 Discrete 4 4 4 0
0.02 Interval 4 2 6 0
0.04 Discrete 4 4 4 0

0.04 Interval 4 2 6 0
Note: Rows report the twelve resume groups under discrete or interval GPA. Fixed- and
random-design rules coincide. “Changed” counts differences from the corresponding € = 0
classification.

TABLE 8. Estimated Classification Endpoints for a Boundary Target
Cell with Positive ¢

€ ¢r(Xse) cu(Xy;e) Width Classification

0 —0.80 +0.00 080 Y =0
0.02 —0.78 —0.02 076 Y =0
0.04 —0.76 —0.04 0.72 Y =0

Note: Fixed-design interval-GPA endpoints for Top Internship = 0 and grouped GPA
= 3.2. For each endpoint, the supporting optimal basis remains unchanged over the
reported e grid. The entry +0.00 is numerically zero and is classified as Y = 0 under the
boundary convention.

the population and confidence-region programs to agree for every value of X,, but it
can be stronger than necessary for a given covariate value. This appendix develops

the corresponding refinement. It first describes how dropped constraints change the
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endpoint programs, then bounds the endpoint-crossing events that generate misclas-
sification, and finally applies the same event decomposition to expected excess regret.
Throughout this appendix, let E, = {é\a # ()} denote the wrong-sign event.

S-2.1. Dropped Constraints and Endpoint Representation. For any set D C
{1,...,J} of dropped sign constraints, define

e (r) = fbré%l {r'b:d;t'z; >0 for all j € D},
ef(r) = max {r'b : d;b'a; > 0 for all j € D}

If D1 g DQ, then

cp*(r) < e (r) < g (r) < e (r).

Lemma S-2.1 (Dropped-Constraint Endpoint Representation). Suppose Assump-
tions 1 and 2 hold, and let G, be the rectangular confidence region in (6.1). On the

event ES, the estimated endpoints satisfy, for every r,

e(r)=clo(r),  eulr) = (r).

Proof. Fix b € B. If j € J,, then 1(z;)] < 5(zj,a), so g; = 0 is feasible in
the confidence interval. The constraint g;b'z; > 0 is then automatically satisfied,
regardless of b'z;, and coordinate j imposes no restriction on b.

Ifj ¢ ja, the confidence interval for g; does not contain zero. On E{, it also does
not lie on the wrong side of zero. Hence every feasible value of g; has sign d;, and
there exists a feasible g; satisfying g;0’x; > 0 if and only if d;b'z; > 0.

Because the confidence region is rectangular, these coordinatewise choices can be
combined into a single feasible vector g € G,. Therefore, the confidence-region prob-
lem imposes the population sign restrictions for j ¢ ja and no sign restrictions for

J€ j\a, giving the stated endpoint representation. [l

S-2.2. Endpoint-Crossing Misclassification Events. Recall the population and
feasible classification rules and the disagreement indicators M, and Mp defined
in Section 7.2. For random classification, the population and feasible rules use the
same Bernoulli(p*) draw . Using independent draws would create disagreement with
probability 2p*(1—p*) even when the two endpoint intervals agree and strictly contain
Zero.

On E¢, Lemma S-2.1 gives the feasible endpoints cLA“ (X.,) and c‘ga (X.). If the popu-

lation interval strictly contains zero, dropping constraints preserves strict ambiguity:

cFo(X,) < er(X.) <0< ep(X.) < e (X,).
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Thus both rules abstain or both use the common randomization device. A discrepancy

can occur only through one of the endpoint-crossing events
Ti = {c(X.) > 0, cp(X.) >0, ¢*(X.) < 0},
To = {cr(X.) < 0, cp(X,) <0, ¢7*(X,) > 0}.

For a fixed r, define the minimal dropped sets that can generate these endpoint

crossings by

(S-21)  D(r) = mcin{D C{l,....J}:er(r) >0, cu(r) >0, P(r) < o},
and

(S-2.2)  Dy(r) = mgin{D C{l,....J}:cr(r) <0, cp(r) <0, B(r) > 0}.

Here minc selects the sets in the displayed collection that are minimal under set
inclusion. If the collection has no elements, the corresponding collection is empty. By

endpoint monotonicity,
Ti = {er(X.) 2 0, cp(X.) >0, 3D € D(X.): D C To},

To = {cu(X,) <0, cy(X,) <0, 3D € Dy(X,) : D C T, }.
On E¢, the event 7; means that the population rule classifies as 1, but dropped

constraints make the feasible lower endpoint negative. Similarly, 7y means that the
population rule classifies as 0, but dropped constraints make the feasible upper end-

point positive.

Corollary S-2.1 (Refined Misclassification Probabilities). Under Assumptions 1
and 2 and the rectangular confidence-region setup in (6.1), suppose that
P{cp(X.) = cp(Xi) =0} = 0.
Then, for fized or random X,
P{Mu(X,) = 1} < P(E.) + P(ES N T0) + P(ES N ).
and, under the common randomization device,

P{MRg(X;§) = 1} < P(Ea) + (1 = p*)P(E; N'Th) + p™P(EG, N To).

Proof. On ES, Lemma S-2.1 implies that a discrepancy between the feasible and
population rules can occur only through 7; or 7. If the population interval strictly

contains zero, both rules make the same abstention decision or use the same Bernoulli
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draw. The exact-boundary case has probability zero by the maintained condition. On
E., the discrepancy indicator is bounded by one.

For abstention, this event decomposition gives the first bound. Under common
randomization, a discrepancy on 7; occurs only when the draw selects zero, with
probability 1 — p*, and a discrepancy on 7y occurs only when the draw selects one,
with probability p*. This gives the second bound. 0

S-2.3. Refined Fixed-Design Probability Bounds. For the fixed-design finite-

sample confidence region in (5.6), recall

n.
hjan = (‘go,j‘ - #tj,a)Jr

Lemma S-2.2 (Fixed-Design Wrong-Sign Bound). Suppose Assumptions 1(a) and 2
hold. Then

(S-2.3) SZ:: {__2 <|g07],_|_ )2}

Proof. A wrong-sign constraint at support point z; can be imposed only if its confi-
dence interval lies entirely on the wrong side of zero. If go; > 0, this requires

35) + 0 <0,

n

and if go; < 0, it requires

§(aj) = “Ltj0 > 0.
Both cases imply a one-sided deviation of d;{g(z;) — go;} by more than |go ;| +
(nj/n)t; . Under the fixed design,

d{g(%)—go,g}— Z diY; =P(Y = 1] X = 2;)}

zX =x;

The summands are independent, mean zero, and lie in an interval of length one. The
one-sided Hoeffding inequality and a union bound over j = 1,...,J give (S-2.3). O

For r € R?, define

U o wen= |J D

DGDL(T) DGDU(T‘)

Lemma S-2.3 (Refined Fixed-Design Endpoint-Crossing Bounds). Suppose Assump-
tions 1(a) and 2 hold. Consider the fized-design finite-sample confidence region in



X HOROWITZ AND LEE

(5.6), and treat X, as fized. Then

2n2h?
PE.NT) < mm{ Z )exp <_%>

JE€JIL(Xx J
(S-2.4) 2
Z exp —on? Z L ,
DEDL(X,) jep M4
and
2n?h?
P(ES N < mi -
& m_mm{jgx)exp( fea)
U *
(S-2.5) 2
Z exp | —2n? Z B .
DeDy(X.) jep

Proof. We prove the first inequality; the second follows by replacing 77, Dy, J;, with
To, Dy, Ju.
Treat X, as fixed and write r = X,. On E¢

)

if 77 occurs, there exists D € Dp(r)
such that D C ja. For each j, the one-sided Hoeffding argument used in the proof
of Theorem 7.1 gives

P{j € Ju} < exp (—%) .
nj
A union bound over coordinates in Jy(r) yields the first expression on the right-hand
side of (S-2.4).
Alternatively, take a union bound over D € Dy(r). Under the fixed design, the

events {j € ja} are mutually independent across support points. Therefore,

~ - h2
P(DC Ja) =[P € Ja) < exp <—2n2 > ﬂ) .
JjED jED n]
Summing over the minimal dropped sets and taking the minimum of the two valid
bounds proves (S-2.4). O

For fixed X,, Corollary S-2.1 together with Lemmas S-2.2 and S-2.3 gives the
refined abstention and random-classification bounds. These results replace the global
dropped-constraint sum with probabilities involving only constraints that can move

the relevant endpoint across zero.



BINARY CLASSIFICATION xi

S-2.4. Expected Excess Regret from Confidence-Region Classification. The
same wrong-sign and endpoint-crossing events can be weighted by their decision-
theoretic regret costs. This gives a bound on the expected increase in regret from
using the feasible rule based on the confidence region rather than the population rule.

Using the regret notation from Section 4, define the state-specific abstention regrets
Regy = Cy — Cy, Reg, = Cy — Cy Regy = max{Reg; , Reg; }.
Assumption 4 implies
Regy < min{Regpp, Regpy}-
Let Ra(a,v) denote the regret of action a € {1,0,(} when the true index 'z takes

the nonzero value v, where

ifv>0: Ra(l,v) =0, R4(0,v) = Regpy, Ra(0,v) = Regy,
if v <0: Ra(l,v) = Regpp, Ra(0,v) =0, Ra(0,v) = Regy .

Let Rp be the restriction of R4 to the two binary actions. For z € R, let [2]; :=
max{z,0}. Although Mop is the population minimax-regret rule, it does not know the
sign of f’x and need not minimize regret state by state. Consequently, the feasible
rule can occasionally have lower state-specific regret than the population rule, so
their raw regret difference can be negative. We measure sampling-induced increases

in regret by the positive part of this difference. Define

Au(r) = [Ra{Mss(x), B'e} = Ra{Mdr(2), B'z}]
and
Ap(z;€) = [Rr{Myis(w; ), 'z} — Re{M&y(x;€),5'z}], .

Theorem S-2.1 (Expected excess regret from confidence-region classification). Un-
der Assumptions 1 and 2 and the rectangular confidence-region setup in (6.1), suppose
that

(S-2.6) P{F'X, =0} = 0.

Then, for fized or random X, the following bounds hold.

(1) Abstention. If Assumption 4 holds, then

E[A4(X.)] < max{Regpp, Regpy } P(Eq)
+ Rega P(ESNTh) + Rega P(ES, N To).
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(2) Random classification. Under the cost conditions in Theorem 4.2 and using

the common randomization device,

EAR(X,; &) < max{Regpp, Regpn } P(E,)
+ (1 — p")Regpyn P(E;, N T1) 4+ p*Regpp P(EL, N To).

Proof. It is enough to analyze E¢ and then bound the remaining sign-error event

o and c

separately. On E{, Lemma S-2.1 implies that the feasible endpoints are ¢y

If the populatlon rule assigns 1, then ¢ (X,) > 0 and ¢y (X,) > 0. Since the true
parameter belongs to B(0), the maintained boundary condition implies f’'X, > 0
almost surely. Dropping constraints can change the action only if cLA‘*(X*) < 0,
which is the endpoint-crossing event 7;. On E¢ N 77, the feasible rule moves from
the population action 1 to abstention, with excess regret Rega, or to randomization,
with excess regret (1 — p*)Regpy after averaging over &.

If the population rule assigns 0, then ¢ (X,) < 0. Since the true parameter belongs
to B(0), the maintained boundary condition implies 5'X, < 0 almost surely and
hence ¢ (X,) < 0. Dropping constraints can change the action only if cg“ (X,) >0,
which is the endpoint-crossing event 75. On ES N 7y, the feasible rule moves from
the population action 0 to abstention, with excess regret Regy, or to randomization,
with excess regret p*Regpp after averaging over €.

If the population interval strictly contains zero, dropping constraints preserves
strict ambiguity:

cF(X,) < er(X.) <0< ep(X.) < 7 (X,).
Hence both rules choose abstention or use the common randomization device, and
there is no excess regret on ES,.

It remains to cover E,. Under random classification, every realized binary action
has regret bounded by max{Regpp, Regpx }, and the population rule has nonnegative
regret, so any positive excess regret is bounded by the same quantity. Under absten-
tion, Assumption 4 implies Regy < min{Regpp, Regpy }, so abstention also has regret
bounded by max{Regpp, Regpy}. Hence the same bound applies to all transitions

involving abstention. Combining these cases gives the two displayed bounds. 0

Remark 15 (Condition (S-2.6)). The condition excludes target covariate values for
which the true index lies exactly on the classification boundary. For fixed X,, it
reduces to 3’ X, # 0; for random X,, it requires the distribution of 5'X, to place no

mass at zero.
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APPENDIX S-3. CLUSTERED DEPENDENCE AND SURVEY SAMPLING WEIGHTS

In applications, observations are often dependent within clusters, and survey sam-
pling weights are often non-uniform. The second empirical example in Section 9.3
has both features. This appendix constructs confidence regions for the weighted sign
vector go = (go(x1),...,90(zs)). Once such a region satisfies P{gp € G,} > 1 — «,
the estimation and inference arguments in Section 5, the misclassification arguments
in Section 7, and the refined misclassification and regret extensions in Supplemental
Appendix S-2 apply without further changes.

In this appendix, 7 € (0, 1) denotes the fixed threshold used throughout the paper;
the weighted sign vector gy records whether weighted cell means lie above or below
this threshold. All probability and distributional statements are conditional on the
survey weights.

We begin by defining the weighted target. In the fixed design case, let Yy ;. and
Wy, j.¢c, respectively, denote the binary outcome and survey sampling weight for indi-

vidual ¢ with covariate x; in cluster c. Define

mj; Mjec J
N;=) Y wye  N=) N,
=1 ¢=1 j=1

Nj,e

m;
_ N~ —1
Yie= Y weje(Yoje— 1), T, =N Yo
=1 c=1

where n;. is the number of observations with X = x; in cluster ¢, and m; is the

number of clusters contributing observations with X = x;. We then set

N.
pla;) = W]’
IR D) P
9(x;) = ]if = = Tjp(x;),
go(x;) = E(T])p(x]) =N ZE(T] c)
c=1
Equivalently, if
iy =N D e E(Yge).
c=1 (=1

then go(z;) = p(z;)(u; —7). Thus gy records the signs of weighted cell means relative
to the threshold 7.



xiv HOROWITZ AND LEE

In the random design case, let (Y., X;., w;.) denote the binary outcome, covari-
ate, and sampling weight for individual ¢ in cluster ¢, where X; . takes values in

{z1,...,2;}. Let n. denote the number of observations in cluster ¢, m the number
of clusters, and N = > > w; .. Define

Tj,c = Z wi,c<}/i,c - T)[(Xi,c = xj)?
=1
Glz) = N Y,
c=1

go(z;) =N" Z E(T,.)-

In both designs, g(x;) is an unbiased estimator of the weighted target go(x;), condi-
tional on the weights.

To develop inference methods, we impose the following condition.

Assumption 8. The number of covariate values J is fized. Survey sampling weights
are fized and nonnegative. In the fized design case, N; > 0 for every j =1,...,J. In
the random design case, N > 0. In the fixed design case, for each j, the cluster-level
vectors {(Yoc)p2s ¢ = 1,...,m;} are independent across c. In the random design

case, the cluster-level vectors {(Yi., Xic)icy :c=1,...,m} are independent across c.

The union bounds below do not require independence across the coordinates j =
1,...,J. They use the marginal concentration or normal approximation for each
coordinate and then apply Bonferroni over j =1,...,J.

S-3.1. Finite Sample Inference.

Proposition S-3.1. Let Assumption 8 hold.
(1) In the fized design case, define

n; . 1/2
j,c Zm] 2
— * c= V',c 2J
Yje = N; ! Zw&j’c, tia = (% log —) .
=1

«

Set

(S-3.1) Go = {(91,---,90)  9(x;) — plaj)ts o < g5 < §(a) + pla;)t , Vi)

Then P(gy € Go) > 1 — av.
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(2) In the random design case, define

Ye= N1 Zwiﬁc, th = (—2021 e log E) )
i=1

Set
(5-3.2) Ga ={(g1,--,9s) - gxy) — 15, < g5 < ga;) + 15 Vit

Then P(go € Go) > 1 — a.

Proof of Proposition S-3.1. For the fixed design, the random variable Nj_lijc lies
between —77, . and (1 —7)v;.. Hence its range has length v; .. Hoeffding’s inequality
gives, for any t; > 0,

_ — t2
P|YT;, —E(T)| >t;] <2exp | 2=m2— | -
H ’ ’ ‘ ]} Zczjl 7]270
Since §(x;) — go(w;) = p(x;){T; — E(T;)}, the fixed-design bound follows by setting
t; = t;, and applying the Bonferroni inequality over j.
For the random design, N~'T;,. lies between —77. and (1 — 7)7., so the same

argument, gives

P(16(z;) — golz;)] > ] < 2exp (—225—7) .

Set t =t} and apply Bonferroni over j. 0

The quantities [y 7 77 ] and [3_7", 72~ are the corresponding effective sample
sizes. With uniform weights and equal cell-specific cluster sizes, the fixed-design
effective sample size reduces to m;. With uniform weights and equal cluster sizes
in the random design, it reduces to m. Under unequal weights or unequal cluster
sizes, the fixed- and random-design half-widths should be compared coordinate by

coordinate; neither formula uniformly dominates the other.

S-3.2. Asymptotic Inference. The finite-sample regions above are valid without
asymptotics but can be wide when the effective number of clusters is small. We
now give cluster-level normal approximations. The coverage result is stated for any
variance estimator that is asymptotically conservative for the corresponding cluster

variance. In the empirical implementation, we use the following centered cluster-score
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estimators. For the fixed design, let

F e 1 m; F \2
Tho=m'y Ty, V=4 §:<T- —T.>.
7,cl 7 7,¢» J Nj mj — 1 J,¢ jscl

c=1 c=1

For the random design, let
T Sy prRo L M Sy Ry
Ja=m 3 Wi V= Lo Y (e = M)
c=1 c=1

In the random-design formula, clusters with no observations at z; contribute T, . = 0.
These estimators subtract the empirical cluster mean of the score contribution, instead
of using the more conservative uncentered second moment.

All limits below are taken along sequences in which the number of clusters diverges:

min; m; — oo in the fixed design case and m — oo in the random design case. The
threshold 7 is fixed.

Assumption 9. For the maintained sampling design and for each j =1,...,J, the

corresponding cluster triangular array satisfies the following conditions.
(1) If the fized design is maintained, define
J,C

Zr =T ~E(Y;),  VF=N1Y E{(Z5)%).
c=1

Assume V;F > 0 for all sufficiently large samples and, for some n > 0,
> EIZ] [
m; 7 14n/2 — 0
[ E{(Z].)*}]

The variance estimator VJF 18 nonnegative and satisfies

SR ) F F F
% /V} —p K for some kj > 1.

(2) If the random design is maintained, define

j7c

ZR =00~ E(T;),  VE=NT'Y E{(ZI)}).
c=1

Assume VjR > 0 for all sufficiently large samples and, for some n > 0,
SILEZEE
: —
[ B2
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The variance estimator VjR is nonnegative and satisfies

7R 1R R R
Vit Vit —=p Ky for some Ky > 1.

The constants /-if and /Qf’ allow the variance estimators to be conservative. Consis-
tent cluster-robust variance estimators correspond to /@f =1lor /ff = 1. The centered
estimators displayed above are the estimators used for the clustered empirical example
in Section 9.3.

For the empirical application in Section 9.3, we use the asymptotic confidence
regions in (S-3.3) and (S-3.4) with J = 104, a = 0.05, survey sampling weights,
and grid-cell clusters. A support-point sign restriction is imposed only when the
corresponding Bonferroni interval for go(z;) lies strictly on one side of zero: z; is
selected as positive if g(z;)—h; . > 0, and selected as negative if §(z;)+h; . < 0, where
hja is hf o O hﬁa depending on the maintained sampling design. The selected sign
restrictions are then used in the linear programs in Section 6. This is the construction
used for the confidence-region maximum-score results in Table 3 and Figure 6; the
finite-sample regions in Proposition S-3.1 are reported for completeness but are not

used in the empirical results in Section 9.3.

Proposition S-3.2. Let Assumption 8 hold, and impose the part of Assumption 9

corresponding to the maintained sampling design.

(1) In the fized design case, set

/2y, F
hF — N] (V; )1/2
ja =T A/

where z1_q/(25) denotes the (1—a/(2J))-quantile of the standard normal distri-
bution; the factor 2J reflects two-sided marginal coverage and the Bonferroni

correction over 3 =1,...,J, and

(5-3.3) Go = {(91:--:90) 2 §(5) = hio < g5 < §lay) + hjo Vi)

Then liminf P(gy € Go) > 1 — o

(2) In the random design case, set

-\ 1/2
hE = VL P
jo — N 1—a/(2J)
and

(S-3.4) Go = {(915---,97) 2 9(5) — Wiy < g5 < glay) + M, Vi)
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Then liminf P(gy € Go) > 1 — a.

Proof of Proposition S-3.2. For the fixed design,
m;
9(x;) = go(z;) = N7 Z Zj..
c=1

By the fixed-design part of Assumption 9 and the Lyapunov central limit theorem,

N{g(z;) — golz;)}

—d N(O, 1)
(N; V)2

Since ‘A/]F / VJF —p /-ff > 1, the displayed fixed-design interval has asymptotic marginal
coverage at least 1 — «/J for each j. Bonferroni gives the joint coverage claim.

For the random design,
9(z;) = gola;) = N7V Y 2.
c=1

By the random-design part of Assumption 9, the Lyapunov central limit theorem
gives
N'2{g(x;) — gola;)}
(V}R)l/Z

The corresponding conservative variance condition and Bonferroni then imply the

—d N(O, 1)

stated joint asymptotic coverage. L]

The sampling design under consideration determines whether (S-3.3) or (S-3.4) is

the relevant confidence region; the two need not coincide in general.

S-3.3. Additional Empirical Classification Result. Figure 7 reports the weighted
logit classification rule using the same covariates, survey weights, and threshold
7 = 0.12 as the age-of-marriage application in Section 9.3. A covariate combina-
tion is classified as 1 when its fitted probability exceeds 0.12, equivalently when the
fitted logit index exceeds log{7/(1 — 7)} ~ —1.99; otherwise it is classified as 0.
Thus, unlike the confidence-region maximum score rule, the logit rule never abstains.
It classifies 70 of the 104 age-drought-cohort combinations as 1 and 34 as 0. Relative
to the sample maximum score rule in Figure 5, it differs in only four combinations.
The logit rule assigns 0, rather than 1, at age 15 for the 1950 cohort without drought,
age 14 for the 1950 cohort with drought, and age 15 for the 1960 cohort with drought;
it assigns 1, rather than 0, at age 17 for the 1980 cohort without drought. The cor-
responding fitted probabilities are 0.114, 0.100, 0.111, and 0.123, respectively, so all

four disagreements are localized near the 0.12 threshold. Both rules display the same
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pronounced cohort pattern. By comparison, the confidence-region rule in Figure 6

leaves 12 combinations unclassified after incorporating sampling uncertainty.

Cohort born in 1950s Cohort born in 1960s
-~ - ABDDBBDBBBBBDL -~ - 8B BBBB B8
S S
8 8
= Q = Q
[72] [72]
2] 2]
K K
o o
o 8 88 0 o 8888
O No Drought O No Drought
A Drought A Drought
T T T T T T T T T T T T T T
12 14 16 18 20 22 24 12 14 16 18 20 22 24
age in years age in years
Cohort born in 1970s Cohort born in 1980s
-~ - ABBBBBB LB -~ - s B8BbBBB BB
S S
8 8
= Q = Q
[72] [72]
2] 2]
K K
o o
o 8 88480 o 8 B8B8 808
O No Drought O No Drought
A Drought A Drought
T T T T T T T T T T T T T T
12 14 16 18 20 22 24 12 14 16 18 20 22 24
age in years age in years

FiGure 7. Weighted Logit Classification Rule

APPENDIX S-4. COMPARISON OF FINITE-SAMPLE AND ASYMPTOTIC
FIXED-DESIGN INFERENCE

This section uses the same fixed covariate design and outcome-generating process
as the classification experiment in Section 10, but studies the sampling behavior of the
coefficient-bound endpoints rather than classification disagreement at an off-support

covariate value. The outcome is generated by
Y= 10} 2 0),
Y." = GPA,; + 0.4 TopInternship, — 3.7 + U,



XX HOROWITZ AND LEE

where U; = o(X;)V; and V; ~ N(0,1) independently across observations. We use the
homoskedastic scale o(X;) = 0.5 and the heteroskedastic scale

GPA, ?
1+ { 3 —|—Top1nternshipi} ] .

The covariates are held fixed; only the shocks and outcomes are redrawn.

The original design has ny = 2,880 observations and J = 12 support cells. For
ce{1,2,3,5,10,20,30}, we repeat the empirical covariate design ¢ times, so n. = cng
and n;. = cn;o; the resulting sample sizes range from 2,880 to 86,400.

The coefficient on GPA is normalized to one, and the reported coefficient is (s,
the coefficient on Top Internship. The population sign restrictions at covariate val-
ues with TopInternship = 0 imply —3.8 < (3 < —3.6. At covariate values with
TopInternship = 1, they imply —3.4 < 5+ 3 < —3.2. Combining these restrictions,
the baseline £ = 0 outer set gives 0.2 < 35 < 0.6.

For each error design and sample size, we use 1,000 Monte Carlo replications,
7 =0.5, and 1 — o = 0.95. Each free coefficient is restricted to [—10, 10]. The finite-
sample and asymptotic procedures are computed from the same outcome draw within
each replication. The tables report the mean and standard deviation of the estimated
lower and upper endpoints. Coverage is the proportion of replications in which the
estimated interval contains the entire population identified interval [0.2,0.6], rather

than only the generating value Sy = 0.4.

S-4.1. Finite-Sample Fixed-Design Inference. Table 9 uses the finite-sample
fixed-design confidence region in (5.6). The resulting intervals are conservative at
small sample sizes, especially under heteroskedasticity. Under homoskedasticity, the
mean interval is close to the population interval by 5ny and equals it by 10ng.
Under heteroskedasticity, the mean interval narrows from [—0.328,8.553| at ng to
[0.183,0.615] at 20n and [0.199,0.601] at 30n,. Coverage is one in every reported
design.

S-4.2. Asymptotic Fixed-Design Inference. Table 10 repeats the exercise using
the asymptotic fixed-design confidence region in (5.9). In this simulation, the asymp-
totic intervals are tighter than the finite-sample intervals at moderate sample sizes.
Under homoskedasticity, the mean interval is [—0.029,0.915] at ng, is nearly equal to
the population interval at 5ng, and equals it by 10ng. Under heteroskedasticity, it
narrows from [—0.185,6.248] at ng to [0.196,0.604] at 20n, and [0.200, 0.600] at 30n,.

Coverage is again one throughout.
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TABLE 9. Monte Carlo Results: Finite-Sample Fixed-Design Inference

Top Internship coefficient: Population bounds [0.2,0.6]

Sample Mean Std. Dev. Coverage
Size Lower Bound Upper Bound Lower Bound Upper Bound

Panel A. Homoskedastic Errors

2,880 -0.129 1.710 0.107 2.546 1.000
5,760 0.026 0.794 0.138 0.321 1.000
8,640 0.134 0.683 0.102 0.110 1.000
14,400 0.195 0.613 0.031 0.049 1.000
28,800 0.200 0.600 0.000 0.000 1.000
57,600 0.200 0.600 0.000 0.000 1.000
86,400 0.200 0.600 0.000 0.000 1.000
Panel B. Heteroskedastic Errors
2,880 -0.328 8.553 0.339 3.316 1.000
5,760 -0.115 5.550 0.131 4.570 1.000
8,640 -0.017 2.396 0.086 3.480 1.000
14,400 0.027 0.939 0.070 1.229 1.000
28,800 0.100 0.708 0.100 0.100 1.000
57,600 0.183 0.615 0.056 0.053 1.000
86,400 0.199 0.601 0.015 0.017 1.000
Notes: The population identified interval is [0.2,0.6]. The original fixed design from
Section 9.1 has ng = 2,880 observations; each reported sample size is cng for ¢ €

{1,2,3,5,10,20,30}. The table reports 1,000 Monte Carlo replications. Coverage is the
frequency with which the estimated interval contains the entire population identified in-
terval.

Here, asymptotic inference is more informative at moderate sample sizes; the larger
cell counts required by the Hoeffding guarantee explain why finite-sample inference

is omitted from the main-text application at n = 2,880.
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TABLE 10. Monte Carlo Results: Asymptotic Fixed-Design Inference

Top Internship coefficient: Population bounds [0.2,0.6]

Sample Mean Std. Dev. Coverage
Size Lower Bound Upper Bound Lower Bound Upper Bound

Panel A. Homoskedastic Errors

2,880 -0.029 0.915 0.137 0.827 1.000
5,760 0.118 0.688 0.115 0.115 1.000
8,640 0.179 0.631 0.063 0.074 1.000
14,400 0.199 0.603 0.011 0.025 1.000
28,800 0.200 0.600 0.000 0.000 1.000
57,600 0.200 0.600 0.000 0.000 1.000
86,400 0.200 0.600 0.000 0.000 1.000
Panel B. Heteroskedastic Errors
2,880 -0.185 6.248 0.157 4.485 1.000
5,760 -0.027 2.665 0.109 3.693 1.000
8,640 0.033 1.158 0.084 1.854 1.000
14,400 0.064 0.751 0.093 0.425 1.000
28,800 0.145 0.654 0.089 0.089 1.000
57,600 0.196 0.604 0.027 0.029 1.000
86,400 0.200 0.600 0.000 0.000 1.000
Notes: The population identified interval is [0.2,0.6]. The original fixed design from
Section 9.1 has ng = 2,880 observations; each reported sample size is cng for ¢ €

{1,2,3,5,10,20,30}. The table reports 1,000 Monte Carlo replications. Coverage is the
frequency with which the estimated interval contains the entire population identified in-
terval.
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