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Abstract

State-dependent local projections (LPs) are widely used to study how causal effects
vary as a function of economic states, but shock exogeneity alone does not identify this
response function. We show that identification follows when the underlying conditional
mean is linear in the shock with a state-dependent coefficient, a condition satisfied
in canonical micro-macro environments, including first-order perturbation solutions of
heterogeneous-agent and macro-finance models. Even then, standard linear-interaction
LPs generally recover only a projection of the response function, motivating LPs with
nonparametric state dependence. We develop a sieve estimator and establish pointwise
and uniform inference for micro-macro panels, where a distinctive challenge is that
the estimator can converge at different rates across the state space. Applied to firm
investment, the method uncovers a hump-shaped response to monetary policy shocks
and shows that standard linear-interaction LPs substantially understate the aggregate
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1 Introduction

State-dependent local projections (LPs) are widely interpreted as revealing how causal im-
pulse responses vary with an observable state, but this functional interpretation is not gener-
ally warranted, even under the causal shock-exogeneity conditions maintained in the recent
LP literature.! Kolesar and Plagborg-Mgller (2024) show that scalar LPs, which regress
outcomes on shocks, recover average causal effects even when the data-generating process
(DGP) is nonlinear. Winkler (2026) and Almuzara and Sancibrian (2025) extend this insight
to state-dependent LPs and show that shock-state interaction coefficients can have causal
interpretations as weighted averages or projections of causal effects. At the same time,
Gongalves et al. (2024b) show that state-dependent LPs can fail to recover causal impulse
responses, pointing to feedback from endogenous states as a key source of the problem. These
results reveal a fundamental tension: a shock-state interaction coefficient can be a causal
average or projection without recovering how the causal response varies with the state, which
is what empirical researchers seek to estimate. Concretely, a positive interaction coefficient
need not imply that the causal response is larger at higher values of the state, contrary to
the usual empirical interpretation.

This paper resolves this tension and provides an organizing framework for a large empiri-
cal literature by developing identification and estimation for causal state-dependent impulse
responses, understood as horizon-specific functions of the chosen observable state, together
with inference tailored to micro-macro panels. We make three main contributions.

First, we establish that, beyond the causal shock-exogeneity conditions maintained in
the existing literature, identifying the impulse response as a function of the state requires
additional structure on the underlying DGP. We provide a sufficient semiparametric con-
dition: at each horizon, the conditional mean is linear in the shock, with an unrestricted
state-dependent coefficient and an otherwise unrestricted additive component. The condition
holds in many canonical micro-macro environments, including cases with endogenous states,
but is less plausible in purely aggregate settings. Moving from scalar to state-dependent LPs
therefore requires thinking about the DGP, but not specifying it fully: once the condition

holds, LPs can recover the causal state-dependent response by leveraging shock exogeneity.

LJorda and Taylor (2025) provide a survey of the empirical literature. State-dependent LP applications
span both aggregate and micro-macro settings; Gongalves et al. (2024b) contains extensive references for
aggregate applications. In micro-macro settings, state-dependent LPs are widely used to study heterogeneous
transmission across a broad range of questions: how the effect of monetary policy shocks on firm investment
varies with financial conditions such as distance to default (Ottonello and Winberry, 2020), balance sheet
liquidity (Jeenas, 2023), intangible asset intensity (Dottling and Ratnovski, 2023), or stock market turnover
(Jeenas and Lagos, 2024); how monetary transmission to household consumption and wealth differs by
mortgage status (Cloyne et al., 2020, 2023) or race (Bartscher et al., 2022); and how the growth effects of
climate shocks vary with countries’ income level or temperature exposure (Nath et al., 2024).



Second, we clarify the role of LP specification choices when the identifying conditions
are satisfied. One need not choose the true state: any predetermined state defines a causal
subpopulation impulse response. But functional form matters in a way that has no analogue
for scalar LPs. Scalar LPs target an average causal effect, whereas state-dependent LPs are
interpreted as describing how the causal response varies with the state. Unless that variation
is exactly linear, we show that the standard linear-interaction specification recovers only a
projection that does not support this interpretation.

Third, we close the gap between identification and practice. Because the object of interest
is a function, recovering it generally requires nonparametric estimation. We therefore develop
a sieve estimator and establish pointwise and uniform inference for micro—macro panels,
addressing the distinctive challenge that the estimator can converge at different rates across
the state space.

The identification insights extend to purely aggregate applications, but we focus through-
out on micro-macro settings, where state-dependent LPs are used to study how aggregate
shocks are transmitted to heterogeneous households, firms, and regions. The standard ap-
proach is to regress a micro outcome Y; 4, on an empirical measure of an aggregate shock
X; and the interaction term Z,; 1 X; between the shock and a state Z;;_, thereby imposing
a linear form of state dependence.

Our key sufficient condition for identification is that the horizon-h conditional mean of

the micro outcome is linear in the aggregate shock, with a functional coefficient g,(Z;;—1):
ElYi i | Fio1, Xi| = gn(Zig—1) Xe + rin(Fi-1), (1)

where F;_; is the information set. This is a semiparametric restriction on the underlying
DGP: the functional coefficient g, (Z;;—1) and the nuisance component r; 5, (F;—1) need not be
modeled. We combine this restriction with causal shock-exogeneity conditions closely related
to those in the existing causal LP literature, which link observed conditional means to po-
tential outcomes. We additionally impose an m.d.s. condition on X, which allows g(-) to be
identified without modeling r; ,(F;_1).> The state Z;; 1 is predetermined but may neverthe-
less be endogenous, in the sense of depending on past shocks. Under these conditions, gp(z)
equals the total causal impulse response at horizon h for units with state z, combining both
direct and indirect effects of the shock. Thus, the conditional-mean restriction represents

the causal response as a functional coefficient in an LP that is nonparametrically identified.

2If the empirical shock is obtained by first removing predictable components, X; is replaced by the
residualized shock X;. If the measured series is treated as an instrument for an endogenous aggregate
innovation &;, then the identifying restrictions apply to &;, and X; in the LP is replaced by the fitted value
of g; from the first stage. In both cases, the identification argument is unchanged, while our inference theory
treats the shock as observed and abstracts from first-stage uncertainty and weak instruments.



Importantly, we show that identification does not require observing the exact state governing
heterogeneity: any predetermined state Z;;_; defines a well-defined causal response for the
subpopulation with Z;; ; = z.

We then characterize economically relevant classes of micro-macro DGPs under which
condition (1) is satisfied. The two key restrictions are that the aggregate shock enters linearly
with a state-dependent coefficient and that the propagation dynamics are stable over time.
This admissible class is broad and includes heterogeneous-agents and macro-finance models in
which the state represents fixed characteristics such as age or mortgage status or time-varying
endogenous (but predetermined) ones such as wealth, leverage, or balance-sheet positions.
In particular, first-order perturbation solutions of canonical heterogeneous-agent (HA) and
heterogeneous-agent New Keynesian (HANK) models satisfy these conditions within the lin-
earized approximation: a monetary shock may reduce consumption more for highly leveraged
households, depress investment more for highly leveraged firms, and lower wealth more for
holders of long-duration assets, even though the structural laws governing the dynamics of
consumption smoothing, capital accumulation, and wealth remain unchanged. Our findings
imply that, in these environments, LPs with exogenous shock measures can recover causal
state-dependent impulse responses directly, without requiring a full specification of the DGP.

Departures from this structure can arise in a number of ways. One occurs when the
relationship between outcomes and the aggregate shock is nonlinear, as in models with
occasionally binding constraints, regime switching, sign asymmetries, or global nonlinear
solutions of heterogeneous-agent models. A more subtle violation occurs when shocks also
change propagation dynamics. The micro-macro model of Almuzara et al. (2025), where
aggregate conditions affect household-income persistence, is one such environment.

That the condition holds in canonical micro-macro environments does not, however, jus-
tify the standard LPs with linear state dependence used in empirical work. Even under
identification, the causal state-dependent impulse response is the function gp(-). Unless the
true state dependence is exactly linear, we show that the standard LP specification does
not recover this function, but instead a projection; its interaction coefficient averages local
derivatives of gj(-) rather than levels. Thus, contrary to the usual interpretation in applica-
tions, a positive coefficient need not imply that high-state units have larger causal responses,
while a small coefficient may reflect cancellation from hump-shaped state dependence.

We develop a sieve estimator that directly recovers the causal state-dependent impulse
response as a flexible function of the state. Inference in micro-macro panels is technically del-
icate because the relative importance of aggregate and idiosyncratic uncertainty, and hence
the convergence rate of the estimator, can vary across the state space. Where aggregate

variation remains relevant, cross-sectional averaging cannot eliminate it and the rate is gov-



erned by the time dimension; where it vanishes, averaging across units becomes effective
and convergence is faster. The estimator can therefore converge at different rates across the
state space. We characterize these rates and establish valid pointwise confidence intervals.
For uniform inference, we studentize the process by its state-specific standard error, yielding
valid confidence bands across these regimes under strong common dependence across units
and serial dependence from overlapping LP horizons.

Monte Carlo evidence shows that linear state-dependence specifications can substantially
distort nonlinear causal response functions. The proposed uniform confidence bands exhibit
finite-sample undercoverage in short panels, with coverage improving as the time dimension
grows. The simulations also illustrate the role of common LP-error components in inference.
At horizons h > 1, omitting intermediate-shock terms does not affect identification, but it
leaves common variation in the LP error that cannot be averaged out across units, resulting
in wider confidence bands.

Applying our approach to firm-level investment responses to monetary policy shocks, we
revisit the widely used LP in Ottonello and Winberry (2020), which imposes linear state
dependence in firms’ financial conditions. We find that the limitation identified by our
theory is quantitatively important: the linear interaction coefficient averages slopes of the
true state-dependent response and thus misses a hump-shaped pattern in which the largest
effects are concentrated near the mean of the distance-to-default distribution, rather than
in the least risky right tail. Nonlinearity also matters for aggregate transmission. Because
many firms lie in regions where the nonlinear response exceeds the linear approximation, the
standard specification underestimates the role of financial heterogeneity: this channel raises
the impact response of aggregate investment roughly ten times more in our nonparametric
estimates than under the standard linear specification.

Our framework connects and clarifies several strands of the literature. For empirical
work using state-dependent LPs, a central implication is that shock exogeneity alone is not
enough to recover causal state-dependent impulse responses. An additional sufficient con-
dition is that the total effect of the shock is representable as a coefficient on a shock that
enters the true conditional mean linearly at each horizon. This structure is natural in micro-
macro settings with heterogeneous exposure and stable propagation, including cases with
endogenous predetermined states. It rules out nonlinear shock effects and shock-dependent
propagation. Thus, the critique of Gongalves et al. (2024b) remains relevant in environments
where shocks can change the propagation mechanism, especially aggregate time-series set-
tings. Even within the admissible class, standard linear-interaction LPs recover the causal
state-dependent response only if state dependence is truly linear - a strong functional-form

restriction with no general justification. One should therefore generally estimate state de-



pendence nonparametrically.

Our results build on the recent literature on causal interpretations of LPs (Kolesar and
Plagborg-Mgller, 2024; Almuzara and Sancibrian, 2025; Bousquet, 2025; Winkler, 2026),
which shows that LP coefficients can be interpreted as weighted averages or projections of
causal effects. We ask a different question: when do LPs recover the causal state-dependent
response function itself? We show that this requires additional structure on the DGP and
a shift in focus from interpreting a finite-dimensional LP coefficient to estimating a causal
response function. This reveals the limitations of existing linear specifications and motivates
our nonparametric estimator and pointwise and uniform inference procedures.

Our findings also complement the LP - VAR equivalence literature. Plagborg-Mgller and
Wolf (2021) and Ludwig (2024) characterize the equivalence between LP and VAR repre-
sentations of impulse responses. We establish a related equivalence for impulse responses as
functions of observable states: we characterize a class of DGPs under which the functional
coefficient in a state-dependent LP coincides with the causal state-dependent response.

Gongalves et al. (2024b) show that state-dependent LPs need not recover finite-shock
impulse responses when the state is endogenous, even if they recover marginal responses to
infinitesimal shocks. We show that the deeper obstacle is not state endogeneity, but shock-
dependent propagation or nonlinearity in the shock. In micro-macro settings with linear
shock exposure and stable propagation, finite-shock and marginal responses coincide, and
LPs with nonparametric state dependence recover causal responses even when the predeter-
mined state is endogenous.

Gongalves et al. (2024a) address the general nonlinear case by nonparametrically estimat-
ing the conditional mean as a function of both the shock and the state, and then constructing
impulse responses as differences across shock realizations. Our approach is also nonparamet-
ric, but only in the state: under our conditions, the causal impulse response is directly the
LP functional coefficient, so no second-step transformation is required. The two approaches
also differ in their shock-exogeneity assumptions. Gongalves et al. (2024a) impose condi-
tional independence of potential outcomes from the shock given past information, whereas
we require only the corresponding conditional-mean restriction, together with the standard
m.d.s. condition on the shock.

From an inference perspective, our setting combines the functional inference problem
studied in the sieve literature (e.g. Chernozhukov et al., 2014; Zhang and Wu, 2017; Lu
et al., 2020; Chen et al., 2024) with the micro-macro dependence structure emphasized by
Almuzara and Sancibrian (2025) for finite-dimensional LP coefficients. Existing results do
not cover the interaction of these two features: because the target is a function, the loading

on aggregate uncertainty can vary with the state, so the effective sample size, and hence



the convergence rate of the estimator, can vary across the state space. We develop inference
that remains valid across these rate regimes.

Our empirical application is related to Paranhos (2025), who uses random forests to
flexibly estimate heterogeneous impulse responses in the setting of Ottonello and Winberry
(2020). Her approach relaxes functional-form restrictions on heterogeneity, while taking
identification of the impulse response as given. We characterize when the impulse response
is identified; within those settings, random forests provide an alternative estimator, whereas
our sieve implementation remains closer to standard LP practice and delivers uniform infer-
ence across the state space. Drechsel et al. (2026) also study firm-level investment responses
to monetary policy in the same setting. Their clustering approach targets unobserved het-
erogeneity in responsiveness under a finite-mixture structure, whereas we study identification
and inference for the causal response as a function of a chosen observed state.

Figure 1 provides a summary and practical guide to when LP specifications recover causal
state-dependent impulse responses and when nonparametric state dependence is needed.

The rest of the paper is organized as follows. Section 2 provides intuition through simple
DGPs; Section 3 gives the general identification results; Sections 4-5 develop estimation,
inference, and simulations; Section 6 applies the method to monetary policy transmission
across firms; and Section 7 concludes. The Online Appendix contains the formal asymptotic

theory, proofs, and additional simulation results.

2 A Simple Framework: DGPs and LP Specifications

This section uses three stylized DGPs and three LP specifications to illustrate when state-
dependent LPs recover the intended response and when they fail.
Consider the following DGPs for a scalar outcome Yj;, a causally exogenous aggregate

shock X; (as formalized in Assumption 1 below) and a predetermined micro state Z;;_;:

Yie = a(Zi1—1) Xt + pYii—1 + €it, DGP 1: linear in shock, constant propagation
Yie=a(Zi1—1)Xe + piYir—1 + €it, DGP 2: shock-dependent propagation
Yie = f(Zit—1, Xe) + pYisr—1 + €ir, DGP 3: nonlinear in shock
where: g is 1.i.d. across ¢ and ¢, mean zero, and independent of Xj; a(-) is an unrestricted
function of Z; f(-,-) is nonlinear in X, and in DGP 2 p; is a function of past aggregate

shocks, so that perturbations to X; affect future propagation.

These DGPs isolate three distinct channels through which aggregate shocks affect out-
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Figure 1: When do LPs recover a causal state-dependent IRF? Causal shock-exogeneity
alone is not enough. If the DGP is linear in the shock and propagation is stable, the causal
state-dependent IRF is identified. Standard linear-interaction LPs recover that IRF when
the DGP implies linear state dependence. Otherwise, state dependence should be estimated
nonparametrically.

comes: heterogeneous exposure to a shock that enters linearly, but with time-invariant prop-
agation (DGP 1), shock-dependent propagation (DGP 2), and nonlinear dependence on the
shock (DGP 3). As we show below, only in the first case do LPs recover causal state-
dependent impulse responses.

The key distinction across the three DGPs is how the horizon-h conditional mean,
E[Yt+n | Fio1, X¢], changes when the shock is perturbed from X; to X; + d. We focus
here on the condition under which a state-dependent LP recovers the functional response of
interest, leaving the standard causal shock-exogeneity assumptions that give this response a
causal interpretation to Section 3. The condition is that the change in the conditional mean

takes the multiplicative form
gh(Zi,t—1)57



so that the object of interest is the function gj(-), which gives the state-dependent response
per unit change in the shock.

Under DGP 1, increasing X; by § changes the impact conditional mean by a(Z;—1)0d.
With time-invariant propagation, the condition is satisfied because the horizon-h change is
pha<Zi,t—1)5 = gh(Zz‘,t—l)(;-

Under DGP 2, the condition generally fails because the shock also affects future prop-
agation. At h = 1, the conditional mean contains E[p;1Y; | Fi—1, X;], and increasing X
by 0 changes this term through both p;,; and Yj;. The resulting change is not generally
proportional to ¢ with a coefficient depending only on Z;;_;. This DGP is the micro-macro
counterpart of that in Gongalves et al. (2024b). Our formulation highlights that the failure
arises from shock-dependent propagation, rather than from state endogeneity per se.

Under DGP 3, the condition can fail even at h = 0 because the outcome is nonlinear
in the shock. With sign asymmetry, for example, Y = (1Z;;1Xs + B2Zi i1 Xi1{X; >
0} + pYii1 + i, increasing X; by 0 changes the shock-dependent part of the conditional
mean by 5172110 + faZit—1 [(Xe +0)1{ X+ > 0} — X;1{X; > 0}]. Because the second
term depends on X, the change cannot generally be written as go(Z;—1)0.

Now consider different LP specifications:

Yieon = gl X, Wi t+h, Scalar LP (2a)
Yieen = (ap + B}LinearSDZ@t_l)Xt + Ui p+n,  LP with linear state dependence
(standard approach) (2b)
Yiein = b;gb(Zi,t_l)Xt + W ph, LP with nonparametric state dependence
(our proposal) (2¢)

where ¢(+) is a vector of basis functions, allowing for flexible state dependence.

Kolesar and Plagborg-Mgller (2024) show that scalar LPs as in (2a) retain an average
causal interpretation even when the DGP is nonlinear. By contrast, we show that the
standard LP with linear state dependence in (2b) does not generally recover the object of

BlinearSD
h

interest g5 (-) (unless gp(+) is linear) and that is a weighted average of local derivatives

BlnearSD need not imply larger causal responses for higher-state

of gn(-). Thus, a positive
units, contrary to the usual empirical interpretation.

This reveals a fundamental asymmetry. Once interaction terms are introduced, the ro-
bustness of scalar LLPs no longer carries over and functional-form misspecification matters.
Standard state-dependent LPs therefore generally do not recover g (-); flexible nonparamet-
ric dependence on Z;; 1, as in (2c¢), permits the LP to recover it directly under DGP 1.

In DGP 2 and DGP 3, by contrast, the impulse response does not admit a multiplicative



Table 1: What LPs recover under three stylized DGPs

DGP 1 DGP 2 DGP 3
Scalar LP Average causal ~ Average causal ~ Average causal
effect effect effect
LP with linear state Projection (IRF Projection Projection
dependence (standard if state
approach) dependence is

exactly linear)

LP with Causal Projection Projection
nonparametric state state-dependent

dependence (our IRF

proposal)

representation in the first place and state-dependent LPs generally give projections and not
the object of interest. For DGP 3, note that including nonlinear shock terms in the LP
does not by itself solve the problem because, even if X; is an m.d.s., transformations such
as X;1{X; > 0} need not be. Hence the nonlinear shock regressors are not guaranteed to
be orthogonal to the LP residual. This applies to scalar and state-dependent LPs alike:
nonlinear-in-shock LPs therefore require stronger assumptions.

Table 1 summarizes what each LP specification recovers in the three stylized DGPs.

In the remainder of the paper, we: (i) formalize conditions under which LPs recover
causal state-dependent impulse responses; (ii) characterize when the conditions hold or fail,
admitting environments with state-dependent exposure and constant propagation (such as
DGP 1) while excluding those with shock-dependent propagation or nonlinear-in-shock ef-
fects (such as DGPs 2-3); and (iii) show that standard LPs with linear state dependence do
not generally recover the object of interest, motivating a nonparametric approach. We argue
that the conditions plausibly hold in many canonical micro-macro DGPs and develop estima-
tion and inference of causal state-dependent impulse responses via LPs with nonparametric

state dependence in these settings.

3 Identification of Causal State-Dependent IRF's

We now formally discuss identification and the environments where it holds or fails.

10



3.1 Identification and the Limits of Standard State-Dependent
LPs

This section provides a general characterization of when LPs recover causal state-dependent
impulse responses. Rather than specifying a full structural model or DGP, we impose a
sufficient condition on the horizon-specific conditional mean. We then show that, even
under this condition, standard LPs with linear state dependence generally fail to recover the
causal state-dependent impulse response, motivating our nonparametric approach.

We observe a panel {Yy, X;, Zy, Wy} for i = 1,... N and t = 1,...,T, where Y} is
a micro outcome, X; is an aggregate shock, Z;; is a micro state, and W;; collects control
variables that may be included in the LP specification. Let F;_; denote the pre-shock
information set, F;_1 = 0({}/25, Zis, Wistis<t—1, {Xs}sgt_l).

Following the potential-outcome formulation used in the causal LP literature, let Y; ;1 ()
denote the horizon-h outcome when the date-t shock is set to . Our object of interest is

the finite-d state-dependent impulse response
IRF,(2;0) = E[Yis4n(Xe +0) = Yieon(Xy) | Zigor = 2] 2
For each horizon h > 0, we consider the LP
Yiten = gn(Zip—1) Xt + Wilﬂh + Ui pth, (3)

where g¢,(+) is an unknown function of the state. We seek conditions under which g¢y(+)
coincides with the causal state-dependent response per unit shock.

The following assumptions suffice.
Assumption 1. (Causal shock-exogeneity). For each horizon h > 0 and every x:
() EYiin(@) | Frs, Xi] = EYin() | Fol
(i) BLX, | Fi] = 0.
Assumption 2. (Predetermined state and controls). (Z;;_1, W, 1) are F;_;-measurable.

Assumption 3. (Conditional mean condition). For each horizon h > 0,

ElY, iin | Fi1, Xo] = gn(Zig—1) Xi + rin(Fizr). (4)

3This is the micro-macro analogue of the state-dependent response in Gongalves et al. (2024b). See their
paper for a discussion of alternative definitions.

11



Assumption 1(i) provides the causal link between observed conditional means and po-
tential outcomes.* Some version of such a shock-exogeneity condition is standard in the
causal LP literature, typically requiring the shock to be independent, or conditionally in-
dependent, of the remaining determinants of future outcomes. In the structural-function
framework of Kolesar and Plagborg-Mgller (2024), for example, shock independence implies
Assumption 1(i). With pre-shock information F;_;, the analogous conditional-independence
restriction would likewise imply our assumption. We require only this conditional-mean im-
plication, rather than full independence, because Assumption 3 restricts the true conditional
mean. Assumption 1(ii) is the usual m.d.s. condition with respect to the pre-shock informa-
tion set and provides the orthogonality used by the LP moment conditions. Assumption 2
is the standard requirement that state and controls be predetermined. Notice that the state
may nevertheless be endogenous, in the sense of depending on past shocks.

Assumption 3 is the additional restriction. It requires that the horizon-h conditional
mean be linear in the shock, with a slope that depends on the predetermined state. By As-
sumption 1(i), consistency, and Assumption 3 we have that E[Y; 1 (z) | Fic1] = gn(Zit—1)z+
rin(Fi—1) for every relevant . It follows from Assumption 2 and iterated expectations that

the finite-0 response satisfies
IRFh(Z, (S) = ]E[Y:i,tJrh(Xt + 5) - }/;,t+h(Xt) | Zi,tfl = Z] = gh(2)5

Thus, gn(z) is the total causal response per unit shock, including both direct effects and
indirect effects operating through the subsequent endogenous evolution of the system. The
nuisance component r; , (F—1) is unrestricted and need not coincide with the linear projection
onto Wi,y in (3); it may contain arbitrary lagged dynamics, fixed effects, and nonlinear
dependence on past aggregate and idiosyncratic variables.

Finally, Assumptions 1(ii), 2, and 3 imply

E[XtY;,t+h | Zi,tfl = Z]
E[X? | Zig = 2]

gh(z) = z € Za
so the causal state-dependent response per unit shock is nonparametrically identified and
coincides with the LP estimand without controls.?

The following result clarifies that a causal interpretation is still available even when the

chosen state variable Z,;_; does not coincide with the true state.

4We maintain consistency: Yittn = Yiiin(z) when Xy = . Hence, for the shock values under consider-
ation, Assumption 1(i) implies E[Y; y14(z) | Fi—1] = E[Yit4+n | Fi—1, X = z]. For finite perturbations, we
restrict attention to § such that X; + ¢ lies in the support of the conditional distribution of X; given F;_;.

®We assume the relevant moments are finite and E[X? | Z; ;—; = z] > 0 for all z € Z. Controls W, ;_1
may be included for efficiency without affecting identification.

12



Proposition 1 (State choice preserves causal interpretation). Suppose Assump-

tions 1-2 hold and that, for some F;_;-measurable state s;; 1,
E[Y, in | Fi1, Xi] = Gn(Si0—1)Xe + rin(Fiz1)-

Let Z; ;1 be any F,_;-measurable state. For any z such that E[X? | Z;;,_; = z] > 0, consider

the functional LP estimand

]E[XtY;'7t+h | Zi,t—l = Z]
E[X7 | Ziy1 = 2]

gn(z) =

Then

E[X? | sig1=5,Zip1 = 2]
EX? | Ziga =2

gn(2) = Elwn(sig—1; 2)9n(Sin—1) | Zir—1 = 2], wp(s; 2) =

The weights satisfy wp(s;z) > 0 for all s and Elwy(s;4-1;2) | Zis—1 = 2] = 1. Thus,

gn(z) is a convex variance-weighted average of the underlying causal responses within the

subpopulation Z;; 1 = 2.5

Proof of Proposition 1. Using the conditional-mean restriction and iterated expectations,
E(X:Yiin | Zizo1 = 2] = Blgn(8i0-1) X7 | Ziz1 = 2],
because, by Assumption 1(ii), and since r; ,(F—1) and Z; ;1 are F;_;-measurable,
E[Xrin(Fi1) | Zigo1 = 2] = Elrin(Feo1) E[Xy | Foa) | Zigo1 = 2] = 0.
Dividing by E[X? | Z;;_1 = 2] and applying iterated expectations gives
gh(Z) = E[wh(si,t—l; Z)Qh(si,t—ﬁ | Zi,t—l = Z] .

Moreover, wy(s; z) > 0, and

E[E[XtQ ’ Si,tf].) Zi,tfl == Z] ’ Z’i,t*l = Z]

=1
E[X? | Zit-1 = 2]

E[wh(si,t—1§ Z) | Zi,t—l = Z] =

O

Remark 1 (Interpretation and robustness to state choice). Proposition 1 shows that a func-

tional LP based on any predetermined state Z;;_; identifies a variance-weighted average of

SWith predetermined controls in the LP, the same result holds after partialling them out.
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the underlying causal responses within the subpopulation Z;; 1 = z, even if Z;,_; does not
span all relevant heterogeneity. Hence g(z) remains a well-defined subpopulation causal
response. In particular, if g,(z) is increasing, subpopulations with higher values of Z;;

have larger causal responses.

Remark 2 (Heterogeneity). The notation g (-) denotes a common estimand, not a common
structural effect. If the underlying responses are unit-specific, g5 ;(si¢—1), then g,(z) is a

variance-weighted average of these responses within the subpopulation Z;; ; = 2.

The causal state-dependent impulse response is the function g,(-). A natural estimator
is therefore nonparametric. By contrast, the applied literature uses LPs with linear state
dependence and interprets this linear function as a causal state-dependent impulse response.

The next result shows that this interpretation is generally incorrect.

Proposition 2 (LPs with linear state dependence do not generally recover state-
dependent IRF's). Suppose Assumptions 1-3 hold, the regularity conditions of Lemma 1
in Appendix A are satisfied, and g, (+) is absolutely continuous on Z. The slope coefficient

in the LP with linear state dependence in (2b) can be written as

}linearSD — / wh(2’> g;l<z) dZ,
zZ

where g}, (2) is the derivative of the state-dependent impulse response and wy,(z) is a weight-
ing function determined by the joint distribution of the data, with wp(z) > 0 for z € Z
and [ swi(z)dz = 1. Lemma 1 in Appendix A provides the general result underlying this

proposition and its derivation.

Recent work has shown that LP coefficients can retain causal content even under mis-
specification: they can be interpreted as weighted averages or projections of causal re-
sponses (Kolesar and Plagborg-Mgller, 2024; Bousquet, 2025; Winkler, 2026; Almuzara and
Sancibridn, 2025). Proposition 2 clarifies what this means in state-dependent applica-
tions, where the object of interest is not a scalar average effect but the response func-
tion over the state. The distinction is clearest in the conditionally homoskedastic case,
E[X? | Zi4—1 = z] = E[X}]. For the scalar LP in (2a), the result of Kolesdr and Plagborg-
Moller (2024), applied to our setting, implies

B — Elgy(Zis 1)) = / on(2) dF(2).

Z

Thus the scalar LP coefficient averages response levels: it is an average causal effect.
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The coefficient in the standard LP with linear state dependence is different. Appendix A

51inearSD _ Cov(Zi—1,9n(Zii—1))
h _ Var(Zi’tfl)

cient is the slope in the linear projection of g,(Z;:—1) on a constant and Z; ;. Proposition 2

shows that, under conditional homoskedasticity, , so the coeffi-

unpacks this projection slope further by showing that it is a weighted average of local deriva-
tives of gp(+), not of response levels. Consequently, unless g(-) is linear, LPs with linear
state dependence do not generally recover the causal state-dependent response function that
empirical applications typically seek to estimate. In particular, a positive 3in¢aSP need not
imply larger responses at higher values of Z;;_;, and a small coefficient may reflect cancel-

lation across regions of the state space where the function has opposite slopes.

3.2 Economic Content of the Identifying Condition

Assumption 3 is a restriction on the conditional mean of the outcome, rather than a full
characterization of the DGP. It is not generally testable, but it is implied by economically
meaningful classes of DGPs. Here we provide an economic interpretation of this condition
and highlight classes of canonical micro-macro DGPs in which it is satisfied. Importantly,
this characterization is not used for estimation; it clarifies when LPs can recover causal

state-dependent impulse responses.

3.2.1 Admissible DGPs.

Assumption 3 holds in a broad class of micro-macro environments in which the aggregate
shock enters linearly and propagation is governed by time-invariant laws of motion.

(i) First-order perturbation solutions of heterogeneous-agent models.

Assumption 3 is naturally satisfied within first-order perturbation solutions of HA /HANK
models. For any individual (grid point) ¢ with predetermined state s;;—; that may be en-
dogenously affected by past shocks, the linearized equilibrium law of motion implies that
the conditional mean of a micro outcome is linear in the aggregate innovation, with a coeffi-
cient that may depend flexibly on the micro state. Mapping to our notation, let Y;; be any
household-level outcome (e.g. consumption or earnings) and X, be the aggregate shock. At
impact, the linearized solution implies E[Y;; | Fi—1, X¢] = go(Sit—1) Xt + rio(Fi—1). Because
all subsequent propagation is governed by the same fixed linear law of motion and policy
rules, the effect of the date-t shock remains linear as the system is iterated forward. Hence,

for each horizon h,

E[Y, i4n | Fi1, Xi] = gn(Si0—1)Xe + rin(Fiz1)-
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Thus, Assumption 3 holds exactly for the linearized model: the shock affects outcomes
through a linear system whose propagation coefficients are fixed. Linearization does not
make gp,(+) linear in the micro state because the function reflects the underlying nonlinear
household problem across the state space.

This structure can be given a microfoundation using the sufficient-statistics representa-
tion of Auclert (2019), in which an individual’s consumption response to an aggregate shock
decomposes, to first order, into a substitution effect and a wealth effect equal to the product
of the marginal propensity to consume (MPC) and a balance-sheet exposure term - both
unrestricted, potentially nonlinear functions of the micro state. This characterizes the cross-
sectional structure of the response, while the linearized dynamics standard in perturbation-
based HANK models ensure propagation is governed by time-invariant coefficients, so the
horizon-h effect is summarized by gp(s;:—1). This also motivates the empirical choice of a
low-dimensional state Z;;_,: while the full micro state s;;_; is high-dimensional, responses
depend primarily on MPCs and balance-sheet exposures, which can often be summarized by
low-dimensional predetermined characteristics such as liquid wealth.

When the linearized system is used as an approximation to a nonlinear economy, the
relevant requirement is that the first-order approximation remain uniformly accurate over
the range of shock realizations being compared. This is the same requirement that under-
lies impulse-response analysis in linearized heterogeneous-agent models: our condition does
not impose restrictions beyond those needed to interpret impulse responses computed from
first-order perturbation solutions (e.g. Boppart et al., 2018; Bayer and Luetticke, 2020).
Moderate perturbations may therefore be well approximated when the induced equilibrium
path remains in a region where the equilibrium mapping is smooth and close to linear. The
approximation may become unreliable when the perturbation moves the economy into re-
gions where nonlinearities become quantitatively important, for example because borrowing
constraints bind for many agents, aggregate constraints such as the zero lower bound become

active, or the shock induces large reallocations across heterogeneous agents (Ahn et al., 2018;

David and Zeke, 2022).7

(ii) Macro and macro-finance models.
Consider a panel VAR for the joint process (Yj;, W) with state-dependent exposure to

the aggregate shock and time-invariant propagation:

Y; Yieo Ay (Zig— ;
t :Oéi+>\t+Ai(L) =1 I Y( it 1) X, + Nit 7 (5)
Wit Wi,t—l )\W(Zi,t—l) Vit

If E[Y; t4n | Fi—1,X] is twice continuously differentiable in X;, the difference between the nonlinear
finite-shock response and its first-order approximation is governed by a second-order remainder over the
relevant range of shock realizations.
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where A;(L) is a lag polynomial with possibly heterogeneous but time-invariant coefficients.
The functions Ay (-) and Ay (+) govern exposure of all variables to the aggregate shock and
may be constant or arbitrary measurable functions of the predetermined state Z; ;.

Because the system is linear in X; and the propagation coefficients are fixed, iterating (5)
forward implies that, for each horizon h, E[Y; 1yn | Fio1, Xt] = 1in(Fio1) + gn(Zit—1) Xy, for
some measurable function g, (-). When the relevant exposure and propagation heterogeneity
is captured by the predetermined state, the function g,(Z;;—1) summarizes both the direct
effect of X; on Y; ;1) through Ay, and the indirect effects operating through the endogenous
post-t path of W and Y, through Ay and the time-invariant propagation A;(L). If some
propagation heterogeneity is not included in Z;;_;, the exact response depends on a richer
state, and gn(Z;;—1) should instead be interpreted as the subpopulation average response
characterized in Proposition 1.

This structure is consistent with leading heterogeneous-firm monetary models. For ex-
ample, in Ottonello and Winberry (2020), monetary policy shocks shift the intertemporal
price system and firms’ financing conditions. The model generates nonlinearity in exposure
because firms’ marginal propensity to invest depends on default risk and can vary over the
financial-state distribution (see their Figure 2), so the function A(-) need not be linear. Im-
portantly, while the financial state evolves endogenously after the shock, the structural forces
governing propagation (e.g., depreciation and adjustment costs) remain time-invariant. As
a result, the shock shifts the level of investment without altering its propagation dynamics.

The mechanism in Cui et al. (2024) also generates nonlinear exposure: the effect of
an interest-rate shock on risk-taking depends on a predetermined leverage constraint, and
the threshold for adopting risky projects can be hump-shaped in the interest rate. The
nonlinearity arises from equilibrium choice conditions, not from changes in the propagation

dynamics following the shock.

3.2.2 Inadmissible DGPs.

(i) Nonlinear dependence on the shock. Assumption 3 excludes environments in which the

conditional mean is nonlinear in the shock, e.g.,
ElY, i | Fio1, Xo) = fr(Zig—1, Xo) + rin(Fiza)-

Examples include regime-switching policy, zero lower bound nonlinearities, terms such as

1(X; > 0) or large discrete interventions.

(ii) Shock-dependent propagation. Assumption 3 also fails when aggregate shocks change

the propagation of the outcome itself. A useful example is Almuzara et al. (2025), whose
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nonlinear income process allows business-cycle conditions to affect both income exposures
and the persistence and riskiness of future income dynamics. If such a model is the true DGP,
then even observing exogenous aggregate shocks is not enough for state-dependent LPs of the
form considered here to recover the model-implied impulse responses: the response depends
on the fully nonlinear propagation mechanism, including feedback through endogenous micro

states affected by past aggregate shocks, rather than only on the initial state.

(iii) Nonlinear HA/HANK models. The previous mechanisms arise naturally in nonlinear
heterogeneous-agent environments beyond first-order linearized approximations. In such
models, aggregate shocks can move the economy across regions of the state space where local
dynamics differ, for example because of occasionally binding constraints, kinked adjustment
costs, or endogenous regime shifts. Shocks then affect not only the level of Y}, but also
its subsequent propagation. The horizon-specific response depends on the nonlinear state
path induced by the shock, and the conditional mean generally cannot be written in the

multiplicative form of Assumption 3.

Such violations of Assumption 3 are economically plausible in aggregate time-series set-
tings, where shocks can alter persistence. Our condition targets a different empirical setting:
micro-macro panels in which cross-sectional heterogeneity operates through state-dependent
exposure to common aggregate shocks that enter linearly, while the propagation of individual
outcomes is governed by time-invariant structural primitives (e.g., depreciation, adjustment
costs, or idiosyncratic risk processes). In these environments, LPs can recover causal state-
dependent impulse responses (provided that state dependence is estimated nonparametri-

cally, which we discuss next).

4 Estimation and Inference

This section develops sieve estimation and inference for the state-dependent impulse response
function gp(-). Although the procedures use familiar ingredients - sieve approximation,
HAC covariance estimation, and Gaussian simulation - their joint validity requires additional
analysis in our setting. In micro-macro panels, aggregate components of LP errors may
survive cross-sectional averaging. Because the importance of these components can vary
with the state, the effective sample size, and hence the convergence rate of the estimator, can
differ across the state space. Overlapping LP horizons additionally induce serial dependence.
The Online Appendix characterizes these rate regimes, establishes feasible HAC consistency,

and proves pointwise and state-uniform inference.
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4.1 Sieve Estimator

For each horizon h € {0,1,..., H}, we estimate g,(-) using a sieve approximation. Let
{¢;(2) 3-]:1 denote a basis of cubic B-splines defined on the support of Z;;_1, where interior
knots are located at equally spaced empirical quantiles and with a constant term included.

For a given sieve dimension J, approximate

gn(2) = ds(2)Tbhy  6s(2) = (G1,5(2), -, Dus(2)) (6)

Substituting (6) into the LP yields the estimation equation

Yiten = th] Gj0(Zii— 1)Xt}+Wt 1Y + Ui tyh. (7)

7j=1

Let D;(J) denote the vector of regressors in (7). The OLS estimator is

= (Z y Di(J) Dit(J)T> (ZZth zt+h>7 (8)

i=1 t=1 i=1 t=1

with Zh(J ) denoting the subvector corresponding to the sieve coefficients. The associated

estimator of the impulse response is

s (2) = d5(2) T ou(J). 9)

We select the sieve dimension J using the Akaike information criterion (additional se-
lection criteria are examined in the simulation section and in the Appendix and perform

similarly):
T—h

AIC,(J) = N(T — h) log (ﬁ >

i=1 t=1

Wi (J ) + 2K, (10)

where ©; 441,(J) denote the OLS residuals from (7) and K; = J + dim(W;;_,) is the total

number of estimated parameters. The selected sieve dimension is
I = in AIC,(J). 11
n = argmin AIC4(J) (11)

In practice, we take the candidate set J = {4,...,20}, with the upper bound serving as

a finite-sample safeguard against an overly rich basis. Here J = 4 gives a global cubic
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polynomial, while larger values of J add interior knots to the cubic B-spline basis and allow

for more flexible nonlinearities. The final estimator is

gn(2) = ¢5,(2) " ou(Jn)- (12)
The following algorithm summarizes the steps for estimating the impulse response.

Algorithm 1 (Sieve LP estimator of the impulse response). For each horizon h =
0,...,H:

1. Construct cubic B-spline basis functions for Z,; ; with a constant term included and

interior knots equally placed at empirical quantiles.

2. For each J € J, form the J interaction regressors ¢; ;(Z;;—1) Xt, j = 1,...,J, and
stack them with W;;_; to form D (J).

3. Estimate (7) by OLS and compute residuals u; ¢ (J).

4. Compute AIC,(J) for each J € J and select T via (11).

5. Set Gu(2) = &7 (2)7 bu(Jn).
Remark 3 (Multivariate states). The estimator can be implemented with a multivariate state
Zi+—1 € R? by replacing the univariate basis with tensor-product basis functions and inter-
acting these basis functions with X;. The remainder of the framework extends analogously.
As in any nonparametric procedure, however, increasing the dimension of the state worsens

the bias-variance trade-off, so the approach is most useful for low-dimensional states.

4.2 Inference

We consider both pointwise and uniform inference for the impulse response g (+).

Uniform inference across the state space is important because the empirical object is often
the entire state-dependent response function, rather than the response at a single preselected
state. Economic conclusions frequently depend on features of the whole function - such as
whether responses appear monotone, hump-shaped, concentrated in the tails, or differ across
regions of the state space. Uniform confidence bands provide simultaneous coverage of the
response function over the relevant support, allowing such features to be assessed while

accounting for sampling uncertainty jointly across states.
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Let Dy, /b\h, Ui ++n denote, respectively, the vector of regressors, the sieve coefficient esti-
mator, the OLS residual in (7) corresponding to the AIC-selected number of basis functions

jh. Consider the sample second moment matrix

N T-h -~ ~

1 A A
- thD;r: . } . ) ,
N7 2 22 PP =3 A

where the first block corresponds to Xt¢jh(Z¢,t—1) and the second to W;;_;. Form the

partialled-out sieve regressor
ﬁh,i,t = Xtﬁbjh(Zi,tfl) - 121\12,h121\27217hwi,t717 (13)
and the score process
S U T,
Shit = \/_N ; Pt UWityn. (14)

We estimate the long-run covariance matrix of the score process by

Ly, T—h
~ ~ ~ ~ ~ 1
), = Tw(0) + ;1: we {Fh(k) + Tu(k) } . D= > Shire . (15)

where w, = 1 — k/(L, +1). We use the standard Newey-West bandwidth based on the
effective time dimension, L;, = |4[(T — h)/100]*/°] 8

The covariance matrix of Eh is estimated by

~ 1 ~-1 ~-1

Vi = mAll,hﬁhAll,hv (16)

~ ~ ~ ~ o~
where All,h = All,h - A12,hA22,hA21,h-

The pointwise variance of g, (z) is

Ti(2) = 05,(2) Va5, (2). (17)

Thus, for fixed z on the empirical support of Z;;_;, the (1 —a)) pointwise confidence interval

8 As a robustness check, we also use L, = h, which is natural in LPs because overlapping horizons induce
MA (h)-type dependence in the errors. Results are similar across the two HAC bandwidth choices, so we
report the standard Newey-West bandwidth. The alternative lag-augmentation approach of Montiel Olea and
Plagborg-Mgller (2021), adapted to micro-macro panels by Almuzara and Sancibridn (2025), is less suitable
in our setting because applying it to all shock-sieve interactions would substantially increase dimensionality
relative to the available time dimension.
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Tn(2) = [Gn(2) = 21-a/20n(2)] | (18)

where z1_,/2 is the standard normal critical value.
For uniform inference, let Z be a fine grid covering the empirical support of Z; ;. For

each bootstrap draw b =1, ..., B, generate ff(Lb) ~ N(0,1 fh)’ and form the Gaussian process
GV (2m) = 07 (20) V26V, 2 € Za. (19)

Compute the studentized supremum statistic

G(b) -
T,Eb) = max ﬂ : (20)
2m€Za | Op(2m)

and let ¢}, be the empirical (1 — ) quantile of {T,Eb)}szl. The (1 — @) uniform confidence

band is
Cr(2) = [gn(2) £ G _on(2)], z € Z. (21)

Ty (z) gives pointwise coverage at a fixed z, whereas Cp(-) gives simultaneous coverage over
Z9

Studentization is important in our setting because the response estimator can converge
at different rates across the state space. Scaling by the state-specific standard error keeps
the Gaussian process nondegenerate across these rate regimes and allows a single uniform

band to provide simultaneous coverage over the state space.

4.3 Asymptotic Properties

We summarize the main theoretical results in the paper; formal conditions and proofs are
provided in the Online Appendix.

To state these results, we maintain Assumptions 1-3, so causal identification remains
as established in Section 3, and impose the additional regularity conditions collected in
Online Appendix Assumption A.1. The sampling conditions allow cross-sectional dependence
generated by aggregate innovations. Conditional on the full path of these innovations, the
unit-level covariate and LP-error processes are independent across units. This conditional

1/2

independence does not, however, require the long-run covariance of the N~'/*-normalized

effective score to remain bounded: aggregate components of the LP error may generate

9For cumulative specifications where the outcome is Yi 1+n — Y, the corresponding estimand is g5 (z) —
go(z). Inference proceeds analogously by estimating the LP with the transformed outcome.
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nonzero conditional score means and an effective-score covariance that grows with V.

The conditions also accommodate time-varying conditional variance of the aggregate
shock and serial correlation in LP errors, including correlation induced by overlapping hori-
zons. The remaining requirements concern moments and short-range temporal dependence,
regressor-error orthogonality, the possibly N-dependent long-run covariance of the effective
score, regularity of the sieve basis, and well-conditioned population design matrices.

A key feature of these asymptotics is that N and T play different roles. Cross-sectional
averaging reduces idiosyncratic noise, whereas strong aggregate components of the LP error
are reduced only by time-series averaging. Consequently, the effective sample size can range
from order NT under weak effective-score dependence to order T under strong effective-
score dependence. For the growing-dimensional sieve coefficient vector, this corresponds
to stochastic error of order \/W and \/J/_T7 respectively. Because the importance
of aggregate uncertainty can vary across the state space and may disappear at particular
states, the pointwise convergence rate may also vary with z. Pointwise inference uses the
corresponding state-specific standard error, while uniform inference studentizes the process so
that the Gaussian approximation remains nondegenerate across these different rate regimes.

We assume that gp(-) is Holder smooth on the support Z with smoothness parame-
ter k > 1/2. This smoothness yields a sieve approximation error of order J—* and the
coefficient-bias term J'/2~% appearing in Theorem 1. Uniform inference additionally re-
quires the stronger joint conditions stated in Online Appendix Theorem A.3. Throughout
the asymptotic analysis, the horizon A is fixed, while N, T', and J grow jointly subject to
the rate restrictions stated below. We use = to denote convergence in distribution.

Let sp; denote the population counterpart of 55, in (14), and define its finite-(J, N)
long-run covariance by Q, ;n = ZkeZE[smts;Fk]. We retain the N~'/2 normalization of
Sn.t, but do not require €2, ;y to remain bounded. Define xp n = 1V Apax(Qn.sn). Let
A1 p, denote the population counterpart of A\ll,h and define V) == Aflthh7J7NA;1{h, a,’f(z) =
¢5(2) Vi ds(2). Accordingly, 55,(2) estimates o7 (2)/\/N(T — h). The HAC estimator oA
estimates the long-run covariance at its actual scale, so no estimate of xy, s n is required for

implementation.

Theorem 1. Under Online Appendiz Assumption A.1, including J — oo, J*/(NT) — 0,
Ixnan/(NT)— 0 and J/T — 0 as N, T — oo, the sieve coefficient estimator satisfies

b, J
B = bl = 0,(727) + OP<F ?“v—) |

If, in addition, the state-specific undersmoothing and matriz-linearization conditions in On-
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line Appendix Theorem A.1 hold, together with the feasible directional covariance-consistency

conditions in Online Appendixz Theorem A.2, then, for each fized z € Z,

~

B o

n(

Consequently, the pointwise confidence interval Ip,(z) in (18) satisfies

~—

Q)

P{gn(z) € Zn(2)} = 1 —a.

The two terms in the coefficient rate make the bias-variance trade-off explicit. Increasing
J reduces the sieve approximation bias J'/27% where x > 1/2, but raises the sampling
uncertainty \/JXhJN—/(NT) . The dependence scale x;, ;v implies an effective sample size of
order NT'/xp,sn: bounded xp sy corresponds to the root-NT' regime, whereas x5 n < N
corresponds to the root-7T" regime. Subject to the upper growth restrictions on J, the exact

state-specific undersmoothing condition is \/N(T — h) J'=% /a7 (z) — 0. At states for which
0%(2) < /JXnin, this reduces to \/NT/xnn J/> — 0. At other states, including

switching points, the exact state-specific condition must be used.
The HAC result applies to the feasible score used in practice: the Online Appendix shows
that replacing the population errors and population partialling terms by their estimated

counterparts does not affect the long-run covariance asymptotically.

Theorem 2. Under Online Appendix Assumption A.1 and the additional conditions for

uniform convergence and Gaussian approrimation in Online Appendixz Theorem A.3,

i 52) ) = 0,() + 0,42
z2€Z

If the feasible covariance-kernel consistency condition (U-Feasible) in Online Appendiz Re-

mark 3 also holds, the uniform confidence band in (21) satisfies

P{gn(z) € Ch(2) for all z € Z} -1 —a.

Uniform inference requires stronger conditions than pointwise inference because it con-
trols the entire response function rather than the response at a fixed state. A central com-
plication is that a common normalization need not remain nondegenerate when the conver-
gence rate changes across states. Studentizing by the state-specific standard error resolves

this problem and yields a valid Gaussian approximation to the supremum of the normalized
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estimation error. The proof combines a high-dimensional Gaussian approximation for the
dependent sieve score with a finite-net approximation and modulus-of-continuity bounds to
pass from a finite net to the continuum; the general Gaussian approximation result used in
this step is stated in the Online Appendix, with its proof in the accompanying Technical
Note. The grid Zs used in implementation is the numerical counterpart of this finite-net
approximation, while the asymptotic coverage result applies to the full state space Z.

It is important to note that the formal asymptotic theory takes J as a sequence satisfying
the stated rate conditions and thus abstracts from uncertainty introduced by data-driven se-
lection. The AIC-selected implementation is treated as a practical tuning rule and evaluated

in the Monte Carlo experiments, together with alternative selectors.

5 Simulation Evidence

All simulations are based on a DGP satisfying Assumption 3. We run 300 Monte Carlo

replications of data generated as
Yi=g(Ziy )X, +08Yis 1+, i=1,...,N;t=1,...,T, (22)
where X; ~ N(0,1) and g ~ N(0,1). The state variable evolves as
Zig = pii + &, pi ~ N(0,3), & =08& 1+ V1I—080vy, vy ~N(0,1).

We discard the first 500 observations and retain 7. Results are robust to including fixed
effects (not reported). The sequences {X:;}, {¢i}, and {v;}, and the unit effects {u;}, are
mutually independent, with the unit-level variables independent across ¢ and the innovations
independent over ¢.

We focus on the cubic specification
g(z) = 0.5z +0.32% — 0.252°. (23)
The corresponding horizon-h causal impulse response is
IRFY(h,0 | Z;y1 = 2) = 0.8"g(2) 4. (24)
We estimate the LP with nonparametric state dependence

Yiein = 9n(Ziz—1)Xs + WmYit—1 + wigrn, h=0,... H,
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using the spline sieve estimator described in Section 4. The estimated impulse response is
IRF$(h,d | Ziy 1 = 2) = Gu(2)6. (25)

We select the sieve dimension J using AIC, GCV, and LASSO, alongside an oracle choice
(J =4). For AIC and GCV, we search over J = {4,...,20}, with GCV given by

> i Uigrn(J)?

GOV, (J) = —.
N(T - h) (1 _ W)

Jp = arg min GCV,(J),

where K; = J + 1. For LASSO, we set a maximal dimension Jj,s, = 50 and estimate

~ ) 2
(bn, 3) = arg min {Z (Yitrn — Xeuns (Ziz—1) "on — mYie1)” + Ah\|bh||1} ,

bnyYh
K it

where )\, is chosen by cross-validation. The selected dimension :fh is the number of nonzero

elements of /b\h.

5.1 Sieve Estimation: Gains over Linear LPs

We evaluate the performance of the sieve estimator for the state-dependent impulse response
and its gains relative to standard LPs with linear state dependence. Under the DGP, which
satisfies Assumption 3, the causal impulse response is gp,(z), so the simulation isolates the
role of functional-form restrictions. We set N = 500, T' = 200, and select the number of
basis functions using AIC.

For comparison, we estimate the LP with linear state dependence
Yiirn = (n + BnZig—1)Xe + v0Yie—1 + Uigin,

which implies

IRFY*™(h, 6 | Ziyq = 2) = (@ + th)é' (26)

Figure 2 reports Monte Carlo averages and 10% to 90% percentile bands for the sieve
and linear IRF's, together with the true response, for a unit shock (§ = 1) over a grid of 500
points in [—4.65, 4.65].

Figure 2 shows that the linear specification is substantially biased, especially in the tails.
The spline sieve instead tracks the true IRF closely across the support of z, with tight

Monte Carlo dispersion. The linear and sieve estimators can imply different, even opposite,

26



Impulse response functions

Impulse response functions

20 30

10

-10

-20

20 30

10

-10

-20

Cubic IRFs across horizons with sieve spline AIC and linear interaction LPs (N =500, T =200,6=1)

h=0 h=4

30
]

= True cubic IRF

= = Sieve spline AIC IRF

@ MC percentile band (10% to 90%)
- ===+ Linear IRF

20
]

10
]

Impulse response functions

o
T T T T T o T T T T T
-4 2 0 2 4 -4 2 0 2 4
V4 V4
h=8 h=12
| o |
(se]
i o |
N
| o 4

—

Impulse response functions

-10

-20

Figure 2: Monte Carlo comparison of sieve and linear IRFs under the cubic DGP
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economic conclusions. The discrepancy narrows at longer horizons as the true response is
attenuated toward zero, but the key distinction remains one of estimands: the sieve targets
the causal state-dependent IRF, whereas the linear specification generally recovers only a
projection of it.

These results are not driven by the choice of basis. Additional simulation results in the
Online Appendix show that the same conclusions hold when the true g(z) is generated by a
Fourier series but estimated using splines.

We next quantify the gains of nonparametric estimation using the root integrated mean
squared error (RIMSE). Table 2 compares the sieve IRF to the linear IRF for different
horizons h and impulse sizes § € {0.50x,0x,20x}, where oy is the standard deviation of
the shock X; (here equal to 1).

Table 2: RIMSE comparison of sieve and linear IRFs

) 0.50 ox 20x

h Sieve Linear Sieve Linear Sieve Linear

0 0.004 2253 0.009 4.506 0.018 9.011
4 0418 0981 0.836 1.962 1.672 3.923
8 0.402 0.499 0.804 0.997 1.609 1.995
12 0.397 0.342 0.795 0.683 1.589 1.366

The RIMSE results mirror the visual evidence: the sieve estimator improves on the linear
specification when nonlinearities are pronounced, but its advantage vanishes as the response
becomes nearly linear. At h = 12, the linear specification performs slightly better. At
horizons where nonlinearities matter, the gains also widen with 4, indicating that the cost
of misspecifying nonlinear state dependence becomes more pronounced for larger shocks.
Overall, the findings confirm that accounting for nonlinearities is important for accurately

recovering the impulse response.

5.2 Sieve Inference: Uniform-band Performance

We evaluate the finite-sample performance of sieve-based uniform confidence bands across
sample sizes (N, T) € {1,100,500} x {40,120,200} and horizons h € {0,4,8,12}. For the
spline sieve, we consider an oracle specification (J = 4) and data-driven choices of J based on
AIC, GCV, and LASSO. The main text focuses on AIC; results for all selectors are reported
in the Online Appendix.

Given J, we construct uniform confidence bands for g,(z)d (with § = 1) using (19)-(21)

with B = 2000 bootstrap draws and nominal coverage 1—a = 0.95. Performance is evaluated
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over a grid of 500 points spanning the 5th to 95th percentiles of {Z;;} using coverage (fraction
of replications in which the true IRF lies within the band over the grid) and average band
width.

Table 3 reports results for N € {100,500} and 7" € {40, 120,200} at horizons h € {0,4}
under AIC selection; additional results are reported in the Online Appendix. Coverage
generally improves with 7', while band widths decline. Differences across N are limited,
with the larger N mainly producing narrower bands. Without intermediate-shock controls,
the bands at h = 4 are substantially wider than at impact because intermediate aggregate

shocks remain in the LP error.

Table 3: Uniform-band performance under specifications without and with intermediate
shocks for the sieve with AIC selection at nominal coverage 1 — o = 0.95

No Intermediate Shocks Intermediate Shocks
N =100 N =500 N =100 N =500
Coverage Width Coverage Width Coverage Width Coverage Width
Panel A: Horizon h =0

T =40 0.73 0.14 0.72 0.06 0.73 0.14 0.72 0.06
T =120 0.83 0.08 0.84 0.04 0.83 0.08 0.84 0.04
T =200 0.88 0.06 0.86 0.03 0.88 0.06 0.86 0.03

Panel B: Horizon h =4

T =40 0.73 3.13 0.75 2.56 0.60 0.22 0.67 0.10
T =120 0.82 2.01 0.87 1.64 0.83 0.13 0.81 0.06
T =200 0.92 1.66 0.89 1.30 0.86 0.10 0.83 0.05

Overall, the AIC-based bands exhibit finite-sample undercoverage, particularly when T’
is small. Additional simulation results in the Online Appendix show that coverage is closer
to nominal for the oracle selector, indicating an important finite-sample role for tuning-
parameter selection, although some undercoverage remains even under the oracle. Coverage
generally improves as the time dimension increases.

The table also illustrates the role of common LP-error components emphasized by the
asymptotic theory in Section 4.3. For h > 1, omitting intermediate terms driven by future
aggregate shocks does not affect identification of gj(-), but leaves common variation in the
LP error that is not eliminated by cross-sectional averaging. Including these interactions

therefore makes increases in N more effective at reducing sampling uncertainty, as reflected

0Coverage is lower when evaluated over the full empirical support, reflecting the greater difficulty of
nonparametric uniform inference in sparsely populated boundary regions.
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by the sharp decline in band widths in Table 3. We use this comparison to illustrate the
efficiency implications of common LP-error components, but retain the specification without
intermediate-shock controls as the baseline elsewhere. Interacting these additional shocks
with the sieve basis substantially increases dimensionality and can lead to numerical insta-
bility.

5.3 Sieve Robustness: Sensitivity to Selector Choice

We assess the sensitivity of sieve estimation to the choice of selector for the number of basis
functions, using the design with N = 500 and T = 200 at horizon h = 4. Estimation
results are qualitatively similar across selectors and are not reported. Table 4 reports the
corresponding inference results. The oracle specification delivers coverage closest to the
nominal level, while AIC, GCV, and LASSO perform similarly, with modest differences in
coverage and width. Additional results are reported in the Online Appendix. Overall, the
results are fairly robust to selector choice, although data-driven selection entails some finite-

sample coverage loss relative to the oracle.

Table 4: Uniform-band performance across selector choices at horizon h = 4 for N = 500
and 7" = 200 under nominal coverage 1 — a = 0.95

Selector Coverage Width

Oracle 0.92 1.17
AIC 0.89 1.30
GCV 0.89 1.30

LASSO 0.90 1.42

6 Monetary Policy and Firm Investment

To demonstrate the empirical relevance of our approach, we revisit firm-level investment
responses to monetary policy shocks, as in Ottonello and Winberry (2020), Cloyne et al.
(2023), and Jeenas (2023), among others. Our nonparametric state-dependent LP recovers
a causal state-dependent response to the extent that the monetary policy shock satisfies the
causal exogeneity conditions in Assumption 1 and Assumption 3 is satisfied: monetary policy
affects firms through heterogeneous balance-sheet exposure, while propagation dynamics
are well approximated as stable over the relevant horizon. The application also illustrates
the limitation of the standard linear specification used in this literature: even under these

conditions, it estimates a projection rather than the causal state-dependent response.
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Following Ottonello and Winberry (2020) (OW), we use distance to default (D2D) - an
estimate of the probability of default using leverage ratios and equity price volatility - as our
measure of firm financial conditions. We compute D2D following the approach in Gilchrist
and Zakrajsek (2012).!'' Firms with high D2D are at lower risk of default and hence safer,
i.e., more financially sound. We follow OW in using monetary policy shocks identified from
high-frequency changes in Federal Funds rate futures in a narrow window around FOMC
announcements, measuring firm investment with Compustat quarterly data as the change
in the log book value of the firm’s capital stock, k;; = log K, ;, standardizing D2D in units
of standard deviations relative to the sample mean, and applying the same sample selection

criteria. We estimate the following LP specification:
kitin — kir—1 = can + gn (Zig—1) Xo + ppDkis—1 + Wi,Tt,ﬂh + Ui tth- (27)

The dependent variable is the firm’s cumulative net investment from quarter ¢ through ¢+ h,
so gn(+) is interpreted as a cumulative investment response at horizon h. Here, ag;, denotes
sector-time-horizon fixed effects; Z;;_; is the firm’s pre-shock financial condition, measured
by D2D; X, is the monetary policy shock; Ak;,_; is lagged investment; W, is a vector of
firm-level controls; and w; 1 is an error term.'? Because the specification includes sector-
time-horizon fixed effects, g, (-) captures differential investment responses across firms with
different pre-shock financial conditions, net of the component common to firms in the same
sector and period. Accordingly, in this specification the constant component of gy(-) is
absorbed by the sector-time fixed effects, so we normalize the response function relative to
this common component.

We estimate two versions of (27): a linear specification, g,(Z;;—1) = on + BnZis—1,
and the flexible nonlinear specification developed in Section 4. Figure 3 plots the resulting
differential investment responses to a 25 basis point surprise interest rate cut on impact and
at horizons of four, eight, and 12 quarters. Each panel shows the response as a function of

firms’ pre-shock financial conditions, with uniform confidence bands around the nonlinear

1D2D is equal to the log ratio of firm value to debt, adjusted for the volatility of firm value. It can be
interpreted as the number of standard deviations by which the log ratio of firm value to debt must fall below
its mean for the firm to default. Although OW also study leverage, we focus on D2D for two main reasons:
first, there is a large empirical literature documenting the performance of D2D as an indicator of default
risk (Duffie et al., 2007; Schaefer and Strebulaev, 2008; Duffie, 2011; Atkeson et al., 2017); second, OW find
weaker results using leverage, perhaps because it is a less precise indicator of firms’ financial soundness.

12As in OW, we include as controls Z;;_1, total assets, sales growth, current assets as a share of total
assets, a fiscal quarter indicator, and the interaction of Z; ,_; with lagged GDP growth. Our specification
differs from OW in three ways: we control for the firm’s lagged investment rate; they use the firm’s demeaned
financial position relative to its average level; they include firm fixed effects. We have verified that these
differences do not qualitatively affect our conclusions.
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estimate constructed using (19)-(21). Because the bands are studentized, their width varies
with the state-specific standard error. This state-specific scaling allows the construction to

remain valid when convergence rates differ across the state space.

6.1 Nonlinear response heterogeneity

Panel A of Figure 3 sharply illustrates our main findings. Imposing a linear specification
yields a positive impact coefficient, which implies a monotonic upward-sloping relationship
between a firm’s investment response and financial condition - less risky, more financially
sound firms with higher D2D are more responsive to monetary policy shocks. The result
corroborates the influential findings in OW, who also estimate a positive coefficient. In
contrast, the nonlinear IRF shows quite a different pattern: a non-monotonic hump-shaped
response that peaks at approximately the mean of the distribution, rather than at the least
risky right tail. Thus, although responsiveness is increasing for firms that are close to default,
as found in previous work, the relationship turns negative around the mean, implying that
there is a large portion of the distribution where riskier, lower distance to default firms are
more responsive to monetary policy shocks, not less.!?

Although our econometric model does not reveal the precise economic forces driving
these patterns, one interpretation is that firms close to default are investment constrained
and respond little, firms near the middle of the distribution are most sensitive to interest
rates, and the safest firms less so. Thus, our method uncovers a richer, more nuanced
relationship between shock sensitivity and financial conditions that is masked by the linear
specification, underscoring the importance of allowing for flexible forms of state-dependence
when analyzing microeconomic responses to macroeconomic shocks.'

Panels B-D of Figure 3 report IRF's at four-quarter intervals up to 12 quarters after the
shock. The non-monotonicity becomes more pronounced over time: firms near the center of
the D2D distribution exhibit increasingly larger cumulative investment responses than those
at either tail.!> In contrast, the linear specification misses these dynamics and suggests that
the response of high-D2D firms continues to grow relative to that of firms closer to default.

To illustrate the economic implications of response heterogeneity, Figure 4 plots the
differential in cumulative impulse responses across selected points of the D2D distribution

under the linear and nonlinear specifications, which directly captures how the transmission

13Due to right-skewness in the distribution, the median D2D is slightly below the mean.

1Our results are qualitatively unchanged under various modifications to our main specification; for ex-
ample, including firm fixed-effects somewhat dampens responsiveness across the distribution, but the hump-
shaped pattern we uncover remains.

15 Although not shown, the cumulative IRF changes little beyond 12 quarters, indicating that the effects
of the shock have largely dissipated.
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Figure 3: Impulse Response of Firm-Level Investment to a Monetary Policy Shock

Notes: This figure displays local projection impulse responses to a 25 b.p. monetary policy shock across firms with different
levels of distance to default. The units of distance to default are standard deviations relative to the sample mean. The linear
specification imposes a linear interaction between the shock and distance to default. The nonlinear specification implements
the nonlinear function of distance to default. Dark (light) shaded regions report 68% (90%) uniform confidence bands.
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of shocks varies across firms over the post-shock horizon. We report pointwise confidence
intervals using (17) and (18), since the objects of interest are differences in impulse responses

16 Tn Panel A, we compare a firm at the 50th percentile of the D2D

at specific states.
distribution to one at the 5th percentile. Although both sets of estimates predict that the
firm at the 50th percentile will invest more than the firm at the 5th percentile in response to
the monetary policy shock, the linear estimates substantially underpredict the difference; for
example, after 16 quarters, the linear estimates yield a cumulative investment differential of
just under 5%, whereas the nonlinear estimates suggest a cumulative differential exceeding
20%. In Panel B we similarly compare a firm at the 95th percentile of the state distribution
to the 50th; in this case, the two sets of estimates yield virtually opposite results: the linear
estimates predict a positive differential of almost 10% at 16 quarters following the shock,
whereas the nonlinear estimates show that this difference is in fact negative and close to
-10%. Thus, the linear specification underestimates the strength of the positive relationship
between responsiveness and D2D in the left tail of the distribution, and misses entirely on
the negative relationship in the right tail. Similar results hold at the shorter horizons as
well. In short, imposing a linear specification can lead to misleading conclusions regarding

the investment response of firms across the financial distribution.

6.2 Aggregate implications of nonlinear responsiveness

Our results have important quantitative implications for the role of financial heterogeneity
in the transmission of monetary policy: because most firms are concentrated in regions of
the distribution where the nonlinear response exceeds the linear approximation, the latter
effectively averages across states and attenuates the estimated impact of monetary policy
shocks.

We use the estimated cross-sectional response function to summarize aggregate respon-
siveness through heterogeneity in firms’ financial conditions. Specifically, we average the
estimated firm-level responses using firms’ shares of aggregate capital at the time of the

shock:
7 1
Akt+h E Z [;,jt . (Zi,tfl) Xt7

aggregate responsiveness

where Ak, 1), = log Ky, —log K;_1 and K; = ), K, denotes the aggregate capital stock.'” As

16Specifically, we consider gr,(Z,) — gn(Zs), where Z, and Z, denote two fixed points of the state distribu-
tion, such as the 50th and 5th percentiles, or the 95th and 50th percentiles, of Z; ;1. Accordingly, instead of
using the pointwise variance estimator in (17) directly, we use the variance (¢ (Za)— @7, (Zb))TVh(gbfh (Za)—
¢7 (Zp)) and construct pointwise confidence intervals as in (18).

" This calculation captures only the incremental component of the response associated with cross-sectional
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Figure 4: Differential Investment Responses to a Monetary Policy Shock

Notes: This figure displays the differential in impulse responses (IRF) to a 25 b.p. monetary policy shock for firms with
different levels of distance to default. The linear specification imposes a linear interaction between the shock and distance to
default. The nonlinear specification implements the nonlinear function of distance to default. Panel A plots the difference in
IRF's for a firm at the 50th percentile of the distance to default distribution relative to a firm at the 5th percentile; Panel B
plots the difference in IRFs for a firm at the 95th percentile relative to a firm at the 50th percentile. Dark (light) shaded
regions report 68% (90%) pointwise confidence intervals.

the expression highlights, aggregate responsiveness depends not only on individual responses,
but the joint distribution of those responses with firm shares of aggregate capital.!®

We calculate aggregate responsiveness upon shock impact under both the linear and non-
linear specifications of gy, (+) using the estimates from Panel A of Figure 3 and the distribution
of firm capital on a quarter-by-quarter basis. We plot the results in Figure 5. There are two
main takeaways: first, the linear specification substantially underestimates the sensitivity of
aggregate investment to monetary policy. On average, the linear specification implies that
financial heterogeneity adds about 0.09 percentage points (p.p.) to the responsiveness of
aggregate investment. In contrast, the nonlinear specification implies that financial hetero-
geneity adds about 1.0 p.p., roughly an order of magnitude larger.!® The finding implies
that not only does the linear specification miss on important aspects of the distribution of
micro-level responses, but also that those micro-level biases affect “bottom-up” calculations

of the implications of micro-level responses for the macro-level response. The result stems

heterogeneity in firms’ financial conditions. Because equation (27) includes sector-time fixed effects, the
component of the monetary-policy response common to firms within a sector and period is absorbed by
the fixed effects. The calculation therefore aggregates the estimated responses relative to the sector-time
benchmark implicit in equation (27), rather than the level aggregate response to monetary policy.

18A similar result is used in David and Gourio (2023) to decompose the impact of monetary policy on
aggregate investment across tangible and intangible capital.

19The result is consistent with previous work finding that aggregate non-residential private fixed investment
tends to be highly sensitive to monetary policy relative to other categories of GDP (David and Gourio, 2023).
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largely from the fact that most firms are concentrated in regions of the distribution where
the nonlinear response exceeds the linear approximation and hence the linear specification
attenuates the estimated aggregate impact of the macroeconomic shock.

The second takeaway from Figure 5 is that aggregate responsiveness differs sharply over
time across the two specifications, with a correlation of about -0.7. The linear specification
implies weaker monetary policy precisely when the nonlinear specification implies stronger
effects. As a stark example, consider the Great Financial Crisis (GFC) and its aftermath from
late 2007 through 2009. As firms’ financial conditions deteriorated and more firms moved
closer to default, the positive coefficient from the linear LP predicts that monetary policy
would be less effective in stimulating investment. In contrast, because pre-recession financial
health was unusually strong (mean D2D was high), worsening conditions moved firms toward
and then below the long-run mean, where our estimates imply responsiveness is highest.
Thus, the two approaches yield very different implications regarding the states of micro-
level financial conditions when monetary policy is most effective: the linear estimates imply
monetary policy is most effective at times when firms tend to be financially the strongest
(responsiveness from the linear estimates also tends to be high when dispersion in D2D is
high), whereas the nonlinear estimates imply monetary policy is most effective when firms
tend to be closer to the long-run average level of D2D (responsiveness from the nonlinear
estimates also tends to be high when dispersion in D2D is low). In sum, allowing for a
flexible approach to estimating the impact of macro shocks on micro variables can be critical

for properly assessing the macro-level implications of micro-level heterogeneity.
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Figure 5: Aggregate Investment Response to a Monetary Policy Shock
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7 Conclusion

State-dependent LPs are widely used to study how causal responses vary across economic
states, but that interpretation is not generally valid. The broader lesson is that state-
dependent LPs can recover causal response functions in micro-macro environments with
linear shock exposure and stable propagation, but doing so generally requires estimating state
dependence nonparametrically rather than imposing a linear interaction. Our framework
therefore recasts state-dependent LPs from interpreting shock-state interaction coefficients
to identifying, estimating, and conducting valid inference on causal response functions in

micro-macro panels.

A Appendix: What LPs with Linear State Depen-

dence Estimate

To characterise the consequences of misspecifying g,(z) as linear, consider the simplified

setup where the researcher estimates the LP with linear state dependence
Yiien = (o + BrnZir—1) Xt + Wigtn, (28)
while the true state-dependence is nonlinear:
Yitin = gn(Zit—1) Xt + Uitin. (29)

We analyse the resulting misspecification in Lemma 1, which characterizes the coefficient

Bn-

Assumption 4.
(a) {(Zi4—1,X1)} satisfies: {Z;;_1} is independent and identically distributed across i and
stationary in t; {X;} is stationary; (Z;:—1, X;) has joint distribution Fy x.

(b) Z; ;-1 has a continuous distribution with compact support Z = [z, z] C R.
(¢) gn(z) is continuously differentiable on Z.

(d) The regression error satisfies E[Xu; 4] = 0 and E[Z; ;1 X3 140] = 0.
Assumption 5.

(a) Z; 41 and X; have finite fourth moments; the second-moment matrix of (X, Z; ;_1.X}) is

nonsingular.

(0) Ellgn(Zie—1) Xel{1 + [ Xe| + [Zi 1 Xi|}] < 00,
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(¢) [ lwn(2)g;,(2)] dz < oo, where wy(2) is defined in Lemma 1.

The conditions imposed here are local to Lemma 1. They weaken the main identifying
restrictions while retaining the moment and smoothness conditions needed to characterize
the population linear projection coefficient. Assumption 4(d) replaces the conditional mean
restriction with the orthogonality conditions required for the OLS probability limit, while
Assumption 5 ensures that the relevant moments and integrals are well defined. These
conditions characterize the population projection coefficient but do not nonparametrically
identify g5 (). Assumption 4(a) imposes a stronger sampling condition used only for the ar-
gument here; the formal asymptotic theory in the Online Appendix allows weaker conditions.
By contrast, Assumption 4(c) requires only continuous differentiability, while the stronger

smoothness conditions in the Online Appendix imply the local condition used here.

Lemma 1 (Estimand of LPs with linear state dependence). Suppose Assumptions 4 and 5
hold, and the DGP is (29). Consider the LP with linear state dependence (28). Let

E[X?Zi1] 2 2
= —_— - D == E ZZ —1 — .
Mz x ]E[Xf] ) Z.X [Xt( i1 ,UZ,X) }
Then the population coefficient in (28) on Z;;—1 X satisfies

E(X2(Zit—1 — pzx)9n(Zig—1))
Dy x ’

B =

Under the additional conditional homoskedasticity condition E[X? | Z;;—1] = E[X?], then
pzx =E[Ziy—1] and Dz x = E[XZ|E[(Zis—1 — E[Zi4-1])?], and the expression simplifies to

]E[(Zi,tfl - E[Zi,tflbgh(zi,tfl)} _ COV(Zi,tflagh<Zi,tfl))
EKZi,tfl - E[Zi,tfl])Q] Var(Zi,tfl) '

B =
Moreover, the population coefficient admits the representation
b= [ an(@)h(2) e
z

where )
E[Xt (Zi,t—l - /’LZ,X)I{Zi,t—l 2 Z}]
Dy x

wi(z) =
with wy(2) >0 for all z € Z, [wp(z)dz = 1.

Proof of Lemma 1. By Assumption 4(a), we can let Z = Z;; 1, X = X;, and gp,(Z) =
9n(Z;—1). Then, due to Assumption 4(d) and the true DGP in (29), the population coefhi-
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cients in (28) solve
E[X?g,(Z)] = aE[X?] + BLE[X?Z], E[X?*Zgn(Z2)] = anE[X?Z] + BLE[X?Z?).

Solving these normal equations gives

5, = EX*|E[X?Zgn(2)] — E[X*Z|E[X?gn(Z)] _ E[X*(Z — pzx)9n(2)]
b E[X2E[X222] — {E[X2Z]}? B Dy.x ’

where puz x = E[X?Z]/E[X?] and Dy x = E[X*(Z — pz.x)?. Assumption 5(a) ensures that
E[X?] > 0 and Dz > 0. This proves the first claim.

By Assumption 4(b, ¢), we can write

9n(Z) = gn(z) + / 1{Z > 2}g,(2) d=.

Then, it holds

BLXC(Z — pzx)on(2)] = B[ X2 — ) [ U2 2 2Ydh(e)

z

= /ZE[X2(Z — pzx){Z > 2}] g)(z) d=.

where =) is by E[X?(Z — pz x)] = 0 and =(5) by Fubini’s theorem. Dividing by Dy x yields

EX*(Z — pzx)U{Z > 2}]

mzé%@w@w wnlz) = o |

It remains to verify the properties of wy(2). We first show that wy,(z) > 0 for any z € Z.
Let A, =1{Z > z} and AS = 1{Z < z}. As A, + AS =1, we have

E[X? = E[X?A.] + E[X?AS], E[X?Z] =E[X?ZA.]+E[X?ZAq).

Substituting these decompositions and simplifying gives

E[X2ZA,JE[X2A°] — E[X2ZA|E[X2A,]
E[X?] '

E[X*(Z — pzx)A:] =

Using
E[X?2ZA,] = E[X*{z+ (Z — 2)}A.] = 2E[X?A,] + E[X?*(Z — 2)A.],

E[X2ZAS] = E[X?*{z — (2 — Z2)}AS] = zE[X?A¢] — E[X?(z — Z)AS)],
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it follows that

E[X2(Z — z) A,|E[X2A¢] + E[X2(z — Z)AS|E[X?A,]
E[X?]

E[XZ(Z — /JJZ7X)AZ] = .
The numerator is nonnegative, since X2 > 0, A,, A € {0,1}, Z —z > 0 on {Z > 2}, and
z— 27 >0on{Z < z}. Hence, wy(z) > 0.

Second, we show that the weights integrate to one. Using the definition of wy(z) and

Fubini’s theorem, we obtain

/jwh(z) dr— 1 E{XQ(Z — uz,x)/Z 1{Z > 2} dz}

Z DZ7X z
_ EBX*(Z - pax)(Z - 2)] _ EIXAZ - pr)T]
v Dyzx @ Dyzx o
where =(y is by [71{Z > 2z} dz = Z — z and =5 by E[X?*(Z — 1z x)] = 0. O

Lemma 1 shows that 3, averages local derivatives gj (2), not response levels gy (z). Hence
Br > 0 does not imply that higher-z units have larger causal responses. The fitted linear
response ay, + [z coincides with the causal state-dependent response gp(z) only when gp(+)

is linear.
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1 Technical Details and Asymptotic Theory

This Online Appendix provides the formal setup and asymptotic theory for the estimation
and inference procedures in the paper, including regularity conditions, consistency, asymp-

totic normality, pointwise and uniform inference, proofs, and additional simulation results.

1.1 Estimation and Inference

For each horizon h € {0,1,..., H}, recall the LP Y;iyn = gn(Zi—1)X: + M/i:l;,l’}/h + Ui th-
We estimate and conduct inference on the potentially nonlinear function gy(-) using a sieve
approximation. Let {¢1 s,..., ¢, s} denote a sieve basis; the main text uses cubic B-splines,
though the notation also covers, for example, Fourier and wavelet bases. Suppressing the
dependence on J when clear, write ¢(z) = (¢1(2),...,¢,(2))" and gn(2) = ¢(2) by, + Ru(2),
where b, = (by1,...,bss)" and Ry(2) is the approximation error.

The sieve dimension J is selected in the main text by AIC over a finite candidate set. The
simulations also consider generalized cross-validation (GCV) and LASSO-based selection to
assess finite-sample sensitivity to the selection rule.

Substituting the sieve approximation yields estimation equation

Yiern = Xe0(Zig—1) by + Wi,Tt,ﬂh + Rp(Ziy—1) Xt + Wi ggh. (1)
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nomics, University College London (r.giacomini@ucl.ac.uk); Jiao: Department of Economics, University
of Gothenburg (xiyu.jiao@Qeconomics.gu.se); Wang: Department of Economics, University of Bristol (wein-
ing.wang@bristol.ac.uk).



For notation stacked across individuals ¢, define

Y;‘,+h = <}/1,t+h7 e 7YN,t+h>T7 thl = (Zl,tfla SR ZN,tfl)T7
Wi

Wi = : S RNXQ, Up,t4+h = (ul,t+ha cee >uN,t+h)T-
Wyt

Let
¢(Z14-1)"
O(Ziq) = : e RV, Ry(Zi-1) = (Ri(Z14-1), - - -, Rh(ZN,tA))T-

O(Zng—1)"

Then the stacked estimation equation is
Yien = Xe®(Zi1)bn + Wioayn + Ru(Zi—1) Xi + Ungyn- (2)

Define Vhjit+h = Rh(Zi,t—l)Xt + Ui tth and Uht+h = Rh(Zt—1)Xt + Uptth- Here Uhit+h
is the composite sieve-regression error; the corresponding error and residual are denoted
simply by u; 4+, and w; 41y, in the finite-dimensional regression in the main text. Let D; =
(Xt¢(Zi,t—1)TaW/i,Tt—1)a 9}? = (beY;)’ and D; = (th)(thl), Wtfl) € RVXU+Q) Then
(1)—(2) become

Yiirn = D0 + Vnivin, Yien = Db + v ppn. (3)

~ —1
Estimating (3) by OLS gives §, = ( Thp; Dt> ( Thp; Y;+h> Let 0 = (0] ,5)).

E]\h(Z) = (Zﬁ(Z)T?)\h, with residuals @\h,i,t+h = Y;,t+h — D;é\haﬁh,t+h = -}/;Jrh — Dté\h. When j\h is

~

data-driven, all quantities are evaluated at J = Jj,.

To isolate the sieve coefficients, define
T—h " " T—h 5
~ 1 Apn Aign = 1 Bin
Ay=————Y D/D, =" 7", By=———S DYoo= 2"].
" N(T —h) ; c <A21,h Asap, " N(T —h) Z Lo B
. . .. 1 T All h A12 h .
The corresponding population matrix is Ay, = E[ﬁDt Dt} = ’ ], with

1 1
App=E [Nqu)(Zt—l)Tq)(Zt—l)} ; Ay =E |:Nth)(Zt—1)TWt—1:| ;



1
Agpp =E |:NWtT_1Wt1:| ; Aoy = AlTQ,h-

As in the main text, define the sample and population Schur complements

Anp = Ay — A12,hz42721,h1421,h, Ay = Ay — A12,hA;2{hA21,h-
~ ~-1 ~ o~ o~
Then by, = Ay, (Bl,h — A127hA2_21th7h>, equivalently the Frisch-Waugh-Lovell coefficient

from partialling out W;;_;. Hence

~ ~-1

T—h
—1 “ A_
VT Z (X2 — AW, vmh] W

For feasible inference, define the partialled-out sieve regressors
Poy = Xe®(Zi1)" — Aopn A W, = (Pt - Panve)

where Py, = Xtﬁb(Zi,t—l)_121\12,h121\2_217hwi,t—1- The score is 5p,; = \/Lﬁﬁh,ti)\h,t—i—h = \/Lﬁ i PhiOhitih-
Recall the population effective score s, = \/LNXtCI)(Zt,l)Tuh’Hh. For notational conve-
nience, write ), = (2, ;. As in the main text, {§h7t}f:_1h is used to construct the HAC
estimator f\lh of the long-run covariance €2, of the population score {shvt}tT:_lh, defined in
Subsection 1.2. The covariance estimator for Bh is Vh, and pointwise and uniform inference

for g5 () proceeds as in the paper.

1.2 Asymptotic Theory

The results below provide the formal basis for the two theorems summarized in Section 4.3
of the main paper. Theorem 1 in the main manuscript combines the coefficient convergence
rate and pointwise asymptotic normality established in Theorem A.1 with the HAC consis-
tency result in Theorem A.2, which together justify feasible pointwise inference. Theorem 2
combines the uniform convergence and Gaussian approximation established in Theorem A.3,
the oracle uniform-band result in Corollary A.1, and the feasible-band result in Remark 3.
Denote by |z|/, the # norm of a vector z, for p € {1,2,00}. Unless otherwise stated,
|z|| = ||z||2, and ||A] denotes the operator norm induced by the Euclidean norm (equiv-
alently, the spectral norm) of a matrix A. For a random vector Y, define ||V« =
{E[[Y]|9]}"9. Let Amm(A) and Amax(A) denote the smallest and largest eigenvalues of a
square matrix A, respectively. Throughout the appendix, the horizon h is held fixed as
T — o0, so that (T'—h)/T — 1. Accordingly, we use the effective sample size T'— h in exact



finite-sample definitions, while using 7T in asymptotic rate statements, growth conditions,
and limiting arguments.

Let Vi = (Zz-t,VViI)T, gir € R% and & € R%, where d. and d¢ are fixed. Define
Ay =0 :s<t)and A=0(& : s € Z), and let {F;} denote the filtration maintained in
Assumptions 1-3. Finally, let 0%, = E[X}? | Fi_1] and Uy = (0%, V;,_1)". Let {e},} and
{& } be independent copies of the corresponding innovation sequences, mutually independent

U;(E7t_1_k) denote the coupled

of each other and of all original innovations. For k > 0, let
version of Uy obtained by replacing €; ;-1 with 7, ;_, while leaving all other innovations
unchanged. Similarly, let U;(g’tflfk) denote the coupled version obtained by replacing & 1 _x

with & ,_,, while leaving all other innovations unchanged. Define

Y

i *(et—1—k
oil (k) = sup sup sup HU” - Uit(e )’
N>1i<N teZ

La

Uy — U;({,tflfk)‘

agg (1.
0,0 (k) = sup sup sup
N>1i<N teZ

Y

La

and 0, (k) = 0% (k) + 0,5 (k). The associated dependence-adjusted norm is defined by
[Ullger = sup(m + 1) A, Aumgwr =Y Sp(k).
m= k=m

dq.x (k) = sup,ey ‘Xt - Xt*(g’t_k)’ cand || X g0 < CFP is similarly defined. For x > 1/2
La
and M < oo, define Gy == {g € H*(2) : ||g||u= < M}. Writing r = [x] — 1, let

Y

- s [D"g(z) — D"g(2")]
gllu= = sup |D?g(z)| + sup
o =3 sup |9 )] + sup =L

where D*g denotes the sth derivative of g with D°g = g. For the sieve basis, define

N 1 N

Sii= 5 D 0(Zi)0(Zi)'. Qun =ES]=E| 5> 6(Zi)é(Zi)"

i=1 =1

Suppose that the following autocovariance series converges in operator norm. Recall that
the effective score, its lag-k autocovariance matrix, and its finite-(JJ, N') long-run covariance

are defined by

1
Sht = —=X¢P(Ze1)  uppin, Uhn (k) = Elsnesp, 1), Qp N = Zrh,J,N(k>-
VN kez



Thus, €2, denotes the deterministic J x J population long-run covariance at the current
(J,N), with its dependence on (J, N) suppressed. It need not converge to a fixed bounded

matrix. Recall from the main text that x5 n = 1V Apax(25). For later use, define ¢; =

1Vleg J,7ar = \/%" + % + %,aA,T =TaTt %
Assumption A.1. Maintain Assumptions 1-3 in the paper. Suppose:

1. (Sampling and temporal dependence) The array {e; : ¢ > 1,¢t € Z} is i.i.d.
across i,t, {& : t € Z} is i.i.d. over ¢, and the two innovation sequences are mutually

independent. Moreover, V;; is Fi-measurable, X; = Gx(...,&_1,&), and
Ug(,t = E[XE | Fia] = E[Xf | A1) = Go(o o &2, §1)-

For each i, Vi = Gv,i(- s Eit1,Eits -5 &1, ft)- Forevery N > 1, {(Xt, Vig, .-+, VNt)}teZ
is strictly stationary. Moreover, Uy is F;_i-measurable, with first component depend-
ing only on the aggregate innovations. For some ¢ > 4, p € (0,1), and finite constants
Cy and Clep, SUpPy>; SUP;<n SUPsez |Uit|la < Cu, bqu(k) + 64.x(k) < Caepp®, k > 0.
Each Z;; has a continuous distribution on the common compact interval Z, and 0 <

0% < 0%, <% < oo as. For the same ¢, E[|X;|? | Fi_1] < Cx as.

2. (Error process and orthogonality) For every ¢ and h < H, E[X;¢(Z; 1—1)tit+n] =
0, E[W; —1u;+41] = 0. Conditional on the full aggregate-innovation path A, the individ-
ual processes {(Vit, (uinh)hH:O) } 1ez, Te independent across ¢. For each ¢ and h < H,
Uigth = D po0 QiheMig+h—e- For some p, € (0,1) and C, < 0o, sup;, > oo [aine| <
Cyup™,m > 0. Conditional on A, the joint innovation array (n,e4) 14> 1, t € Z} is
independent across (4,t), with E[n;, | A] = 0,sup; , ||7i||r« < oo. Moreover, Apin(€24) >
co > 0,1 < xpan < CyN, uniformly over h < H and along the asymptotic sequence.
Let q}ﬁ’t = N7YV2W,T up4n. For every h < H and each (J, N), suppose that {s,}iez
and {g;", }ez are strictly stationary and sup;,< ; sup s ﬁ > ez |E[ara L] || < oo

Suppose also that sup,<z sup; x ﬁ > wez ITnan(E)|] < co. Moreover, for some gy €

(2, /2], sup< gy SUDP 5y SUD|j)jp=1 aTQIZl/QSh,OHLqO < 00. For some p; € (0,1) and C <

*(r—m)

Sh,?"*h,j - Sh,T—h,j <

00, the effective score satisfies sup h< i SUP; y MaX;<j SUD,cz i

CSLJpgmfh)Jr,m > 0.

1
VXh,J,N

3. (Smoothness) For some £ > 1/2 and M < o0, g, € Gy uniformly over h < H.

4. (Sieve basis and matrix regularity) The sieve basis satisfies sup,.z ||¢(2)]]2 <
CyV/J and ||p(2) — ¢(¢')||la < Lys|z — 2| for all 2,2 € Z. There exist 0 < cg <



Co < oo such that cg < Apin(Qin) < Amax(Qun) < Cg uniformly in J, N. The
eigenvalues of Ajy ) are uniformly bounded away from zero and infinity over h < H,
and sup, , ; [| E[¢(Zi1—1)¢(Ziy—1)" | Aii]|| < CF < 00 as. In addition, the growing-

dimensional sample Gram matrix satisfies sup;« Hﬁ Zf:_lh X?2S, — E[XfSt]}‘
¢ gty Jt
0%+ + %)

5. (Sieve growth) As N,T — oo, J — oo, J2/(NT) — 0, 2828 5 J/N — ( and
J/T — 0.

Assumptions 1-3 in the paper provide the structural identification conditions: shock ex-
ogeneity, predetermined states and controls, and a state-dependent linear conditional mean
identifying the causal response g, (-). Assumptions A.1(1)—(2) allow cross-sectional depen-
dence through aggregate innovations: conditional on the path A, the joint covariate and error
processes {(Vit, (ui,t+h)f:0) } 1ez, AT€ independent across i. Because the aggregate innovation
may be multidimensional, the maintained representation allows multiple observed or latent
common components. Recall that xp n = 1V Apax(€2) measures the strength of cross-
sectional dependence in the effective score. The formal theory allows 1 < x;, ;nv < C\ N, so
the worst-direction effective sample size is of order NT'/xp s, and the stochastic compo-

JIXn,J,N
NT

nent of the sieve coefficient rate is O, ( ) . Bounded x5~ gives the root-NT regime,

whereas xj v < N gives the root-T" regime emphasized by Almuzara and Sancibrian (2025);
intermediate values produce rates between these cases. Because strong common components
may affect only a subset of directions, this rate is a worst-direction upper bound. Pointwise
inference adapts to direction-specific rates through the full long-run covariance matrix €2,.
The HAC estimator estimates €2, at its actual scale, so the implementation is unchanged;
feasible inference requires directional relative consistency of the estimated long-run vari-
ance. Temporal dependence in {Uj }ez is controlled by a functional-dependence condition,
providing the short-memory restrictions needed for laws of large numbers, root-7" bounds,
and concentration of sample moment matrices. Conditional heteroskedasticity is permitted
because 0%, = E[X} | F;_1] need not be constant.

Assumption A.1(2) imposes exogeneity, weak dependence, finite moments, and long-
run variance nondegeneracy for the structural error. The moving-average representation
accommodates serial correlation from overlapping horizons, while weighted summability,
together with Assumption A.1(1), ensures short-range dependence of the effective score.
The stronger score-level dependence conditions required for uniform Gaussian approximation
are imposed separately in Theorem A.3. The moment and eigenvalue conditions support the

central limit theorem, consistent long-run variance estimation, and a nondegenerate Gaussian



limit for pointwise inference.

Assumption A.1(3) imposes smoothness of the impulse response function gp(-). For
standard spline or wavelet bases, classical approximation theory (e.g., Schumaker, 1981;
DeVore and Lorentz, 1993) gives sup,.z |Rn(2)| = O(J "), uniformly over h < H. The
sieve approximation induces a coefficient bias of order J%/27*. Together with the growth

conditions ]‘V]—; — O,% — 0, JX]’\’,’:;’N — 0, J/N — 0 in Assumption A.1(5), these bounds

yield [[by — byl = O, (JY2%) + Op<\/ JXJ}\L,—;N) . Formally balancing the two components

Xh,J,N
NT >

tion A.1(5). Thus, bounded x; sy gives J < (NT)Y%) whereas xj n < N gives J =
Tl/(QH)_

gives J " < provided this choice also satisfies the growth conditions in Assump-

Assumption A.1(4) imposes regularity conditions on the sieve basis and the population
moment matrices. The envelope and Lipschitz conditions are standard requirements for
sieve approximation and uniform inference, while the eigenvalue bounds on Q;n = E[S,]
ensure that the basis remains uniformly well conditioned as J grows. Moreover, Ay, =
E[X?S:] = E[0%,S:]. Therefore, the conditional-variance bounds in Assumption A.1(1) im-
ply 0%Qin < Ay < 5%QinN, s0 Aqry is uniformly nonsingular. The conditional Gram
bound controls fluctuations induced by the aggregate history. Finally, the nonsingular-
ity of Agp = E[%W;lwt_l] ensures that the partialling-out step is well defined. This
high-level concentration condition can be verified from primitive functional-dependence con-
ditions together with the local-support, bounded-overlap, and envelope properties of the
spline basis. Because the verification requires a lengthy concentration argument for the
growing-dimensional transformed Gram process but provides no additional insight for the

main results, we impose the condition directly here.

Theorem A.1 (Rate of convergence and pointwise asymptotic normality). Under Assump-
tion A.1, the sieve estimator Gu(z) = ¢(2) by satisfies the coefficient rate |[by — bylls =
_ 11—k P
op(J1/2—“)+Op(\/th,J,N/(NT)). 1f, in addition, V"I 0 and g p U0
h

o;(2)
0, then, for each fized z € Z,

VI =G = 02}, o 1y,

75(2)

where 0}*(z) = ¢(Z)TAI1{thAI11,h¢(Z)-

Remark 1 (Multivariate states and the curse of dimensionality). Theorem A.1 is stated for
a scalar state. With a d-dimensional state Z;; 1 € Z C R%, consider a tensor-product sieve

with m basis functions per coordinate, so J = m?. For g, € H*(Z), sup,cz |Rn(2)| =



O(m=) and |[by, — b2 = Op(m*=%) + O, (/mIxp sn/(NT)), requiring x > d/2 for the

bias term to vanish.

Remark 2 (Refinement for localized sieve bases). Theorem A.1 uses global Euclidean-norm

bounds and thus requires —W — 0. For an L?normalized fixed-order B-spline basis
h

with quasi-uniform knots, sup, #{j : ¢;(2) # 0} < 1, max;j<s |djle < VJ, and ||¢(2)2 =
V/J; its population Gram matrix is uniformly banded and well conditioned. Define the

~ ~ ~—1
agproximation—score vector Byr = mzz;lh PriXiRpe I [[Ajlle = Op(1) and
|Bhrlloe = Op(J "), where, for matrices, || - ||« denotes the maximum absolute row-sum

norm, localization sharpens the pointwise sieve-approximation contribution from O, (J'™*)
to Op(J/27r). At states for which o} (z) = V/J, the standardized bias is O (—J1/2 ”>’ SO

Uh(z)

the pointwise undersmoothing condition can be weakened to v/ NT J—* — 0 without chang-
ing the coefficient rate. In the bounded-dependence regime x, ;v = O(1), if N < T and
J =< (NT)*, this yields 1/(2k) < a < 1/3 up to logarithmic factors, which is nonempty for
k > 3/2. This refinement applies only to the pointwise result; the uniform result contin-
ues to use the global Euclidean-norm bounds and therefore requires stronger growth and

smoothness conditions.

For clarity, starred quantities denote asymptotic normalizations. Thus o7 (z) = o3%(z)/[N(T—
h)] and 62(z) = 632(2)/[N(T — h)], while V;, = V;*/[N(T — k)] and V), = V;*/[N(T — h)].
Here V}* is the asymptotic covariance of \/N (T — h) (/b\h —by). The studentized uniform-band
stu

critical value ¢}, in Corollary A.1 below is dimensionless and therefore does not require

rescaling.

Theorem A.2 (Consistency of the HAC variance estimator). Suppose Assumption A.1

holds. Assume qo > 4. Suppose also that limg . sup; y ﬁ > ks IThan (k)| =0, and

NT_ j=% 5 0. Recall the score process Sht = \/IN(XtCI)(Zt_l)T — A\lg’hA\;Ql,hWt—El)i)\h’t_i_h,

Xh,J,N

and the HAC estimator

1 T—h 1 T—h
S ST 0 ( LS il nel))
k=1

t=k+1

with Bartlett weights wy =1 —k/(L +1), k =1,..., L, where d; =1+ log(1 + LJ) and

L—LTsatzsﬁesL—>ooJ2d4L—>0,L;—>0 Then, as N, T — oo, W — 0 and
o | o

¥ -Vitl 0, where V¥ = A}, thAn noand Vi = AT Oy AL, In particular, for any fied

Xh,J,N

2 € Z satisfying 6(2)Vio(2) 2 xnanll 6, | A9miad 1| = o,(1),

Recall that gh(z) = Al_f,hgb(z) and 0}%(z) = gh(z)TQhah(z). Define 7; == 1Vsup,.z ||$h(z)||1



and ¢p(z) = ‘Eggg for use below. Define Ly, jn = sup,., lon@)=vn Iz - Agsumption A.1(4),

lz—2'|

condition (U-Norm), and the eigenvalue bounds on €, imply Ly jn S VXh INLs

Theorem A.3 (Uniform convergence and studentized Gaussian approximation). Suppose
Assumption A.1 holds and that

||<Z>h( )ll2

>c> 0. (U-Norm)
zEZ T

Let yp, . (2) = @/Jh(Z)TSh7r_h denote the studentized score reindexed by outcome date. For

1

2

replacing the primitive innovations at date zero with independent copies. Suppose

gs = qo > 4 and some ag > > — qi, let yh7i7{0}(z) denote the coupled version obtained by

sup sup(m + 1) Z sup |yh i(2) — yhﬂ-,{o}(z)} < 00. (U-FD)
JN m>0 i=m z2EZ Las

Let (ep 1 0), and let Zp = {z1,. .., 2k, } be a deterministic (er)-net of Z, with Ky < e4.!
and by = 1V log(2K7). Choose the block sequences in Theorem A.4 so that its block-size
and moment-exponent conditions hold withn =T — h, p = Kr, ¢ = q,, and a = a.

Let (61) denote the corresponding Gaussian-approximation rate in (17). Recall that Q) =
Qnan and define Gy(z) = ZZJh(Z)TQ}l/QNJ, where Ny ~ N (0, I;).

If
VAt [5T + aar/Ixnan + VNT JVEE Ly snern/IXn N + /XnaN Ly neT/ 1Og(l/efT)]
(U-Growth)
where (aar) is defined in Lemma A.1, then the following conclusions hold.
(a) Sup-norm rate. sup,.z [gn(z) — gn(2)| = Op(J* %) + O (J A "N> :
(b) Studentized Gaussian approximation.
VN(T —h) —
sup [P sup J0n2) = 9n(2)} <z|- P(Sup |Gr(2)] < x) — 0.
zeR zEZ O'h(Z) z2€Z

The following oracle confidence-band result is immediate.

Corollary A.1 (Oracle studentized uniform confidence band). Under the hypotheses of
Theorem A.3, let ;' _, be defined by

el _o = inf {c> 0: P(sup\Gh(zﬂ < c) >1 —a}.

z2€EZ

— 0,



Then

V T h{gh —gh }

sup
zEZ

< cfﬁ‘{_a> —1—o.

op(z)
Equivalently,
Cstu o
/g\h(z)i—hlah()a z € Z,
N(T —h)

has asymptotic simultaneous coverage 1 — «v. This band is oracle because Ayyp and 2y, are

unknown.

Remark 3 (Feasible implementation). The oracle critical value in Corollary A.1 may be

replaced by the conditional Gaussian critical value computed from \7h*, provided

2. sup —p 0. (U-Feasible)

2 7€Z 5 (2)a5(2")
Under condition (U-Feasible), the feasible studentized confidence band has asymptotic si-
multaneous coverage 1 — «. Condition (U-Feasible) is a direction-uniform strengthening of

the operator-norm HAC consistency result in Theorem A.2.

Remark 4 (Admissible oracle rates). For an L?*normalized fixed-order B-spline basis with
quasi-uniform knots, sup,.z [|¢(2)|l2 < V/J, Ly < J*?, and 7; < v/J. These orders are con-
sistent with the uniform eigenvalue bounds on @) ;x under the maintained L? normalization.
In the bounded-dependence regime x, ;n = O(1), a sufficient corresponding order for the

standardized direction is Ly jn S J.

The Gaussian-approximation rate 7 in Equation (17) is the maximum of all five terms
stated in Theorem A.4. If L =< T?/3, reducing this rate to the single leading term T*1/9€;/6
requires the additional compatibility conditions discussed in Remark 5. Without those con-
ditions, the full rate 7 must be retained.

For a concrete sufficient regime, suppose N < T, x5 snx = O(1), and use an L*-normalized
B-spline basis with 7, =< +/J, L; < J%/2, Lyyn < J, and er = J73. Choose the block

sequences in Theorem A.4 as L < T?3 M =< T'3 and m < T'/G) Under (U-Norm) and
(U-FD), and provided the remaining block-size and covariance-approximation conditions of

Theorem A.4 hold, if

1
<a< -, ag > 1, qs > 18a + 2,

J = (NT)*, Sy 3

then (U-Growth) holds, with logarithmic factors absorbed by the strict inequalities. The
upper bound a < 1/3 comes from .J%2/T — 0, while the lower bound a > 1/(2k — 1) comes

10



from v NT J'/?>7%\/l; — 0. Hence the oracle range is nonempty if and only if x > 2.

2 Proofs

2.1 Proof of Theorem A.1

Lemma A.1 (Rates for the Gram matrix and Schur complement). Suppose Assumption A.1
holds. Recall that {; .= 1V l1ogJ, Far = ,/%’ + % =+ %, and Gap =Tar + % Under
Assumption A.1(5), Tar = o0(1) and aar = o(1). Then:

‘ = Op(fA,T)-

b) Schur complement. Recall 211 h=A11p — Ao nAs), Aot n. By Assumption 1(i) and
b b} b 227h b

(a) Gram matriz. HAth — A

the predetermination of the states and controls, Ays ) = AQTLh =0, and hence zzlvn,h = Ay

Moreover,

Ay — Anp

- Op(dA,T> .

~ ~—1 ~
(¢) Inverse bounds. || A7, + || Ay, + 1451 = O,(1).

~—1

An,h - Al_ll,h = Op(dA,T)-

. 1-1 -1 || _ =
(d) Inverse erpansions. HAn,h — An,h” = O,(Tar) and

Proof of Lemma A.1. Recall S; = %Zfil A Ziy-1)9(Ziy—1)". Assumption A.1(1) shows
that 0 < g% < 0%, < 0% < oo almost surely, where recall 0%, = E[X? | F;_1]. Since h is
fixed, T'— h < T throughout.

Step 0: Preliminary bounds. By the shock exogeneity in Assumption 1, E[X; | ;1] = 0.
Since ¢(Zi7t,1)I/V£_1 is Fi_j-measurable, Ayq) = ]E[Xt¢(Zi7t,1)I/I/iTt_1] = 0. Consequently,
Asp =0, Zn,h = Ai1. In particular, )\min(ﬁn’h) = Amin(A11.4) > ca.

(i) Rate for Ay, Write Argy, = (T—h) "' 21" X, M, where My, = N"' SN 6(Zi, )W,
Because M, is F;_j-measurable, { X;M;}; is a matrix martingale-difference sequence. By or-

thogonality of martingale differences under the Frobenius inner product and O-.%(,t <%,

T—h
. 1 o2
E| A% = T—he E ElokIM 7] < TfhmtaxEﬂMtH%-
t=1

11



By Jensen’s inequality and the sieve-envelope condition,

1 N
E || M| < NZEW )W 1HF NZE 16(Zi -3 Wi -1 13]

< C¢J ZEHWH 2 <

Here % Zfil E ||W;1]|3 = tr(Agap) < oo because the dimension of W, is fixed and the

eigenvalues of Ay ), are uniformly bounded. Hence, by Markov’s inequality,

n N J
| A2l < || Awznllr = Op( T) . (5)

(ii) Rates for A\Qg,h. The block 222,;1 is a @) x ) sample average with ) fixed. Each entry
is a stationary average with finite ¢/2 > 2 moments. The functional-dependence condition in

Assumption A.1(1), together with conditional cross-sectional independence, therefore gives
[Aso = Asa ]| = Op(T~2). (6)

Because Apin(A22,1) is bounded away from zero, Weyl’s inequality gives )\min(A\227h) > %)\min(Aglh)

with probability approaching one. Therefore,

14551 = Op(1). (7)

Part (a). By definition, Ay b= T - t | XZSt and Ay, = E[X}?S,]. Because S; is F;_;-
measurable, Ay, = E[0%,S;]. It follows that Ay h—Alp = 75 Z "{X2S, — E[X2S,]}.

Therefore, the high-level Gram-concentration condition in Assumption A.l( ) gives Hﬁth —
Ayl = Op<\ / %J + JNK% + LMJ) = O,(Tar), which proves part (a).

Part (b) By Step O, A127h =0 and Avll,h = All,h- Hence Avll,h — le,h = (A\ll,h — All,h) —
A127hA2_217hA217h. By submultiplicativity of the operator norm and (5)—(7),

SO - J
[Aueaiat | < 1Rl P1 83801 = 0 ().

Together with part (a), this gives ||Ayy,— Ay = Op(Tar+J/T) = Op(aa,r), which proves
part (b).

Part (c). Because asr — 0, parts (a) and (b) give ||ﬁ11,h — Ay 4] = 0p(1) and ||/T117h —

12



le,h” = 0p(1). By Weyl’s inequality and Step 0, /\min(A\ll n) > ca — o0p(l) > ca/2, and
)\min(jll,h) > ca — 0,(1) > ca/2, each with probablhty approaching one.

Together with (7), this yields || AL wll+ HAH all+ | AL} wll = Op(1), which proves part (c).
Part (d). The resolvent identity gives A11 e Alllh = —A\H,h(AH,h - All,h)Aﬁl’h. Parts (a)

and (c), together with ||A11h|| < ¢!, imply ||A11h 1_117h|| = O,(Tar). Similarly, /Nlth -
-1 ~
Al_ll,h = _An,h(Ath - All,h>A1_1,h- Since HAl_l,h” = ||A1_11,h|| < 0217 parts (b) and (c) imply
~1

H;llnjh — 121/1’117,1” = Op(aar). This proves part (d) and completes the proof. O

Proof of Theorem A.1. Using (4), we obtain the linearization

~—1

T—h
1 ~
m ; (th)(Zt—l)T - A12,hA221,hWtT_1> Uh,t—i—h] .
Here vy = Ru(Zi-1) Xt + upson and Ry(Z—1) == (Ri(Zis—1))Y,, with Ru(2) = gn(z) —
®(2) by, the sieve approximation residual. By the smoothness condition in Assumption A.1(3)
and the corresponding sieve approximation property, sup,.z |Rn(z)| = O(J 7).

Define the partialled-out sieve-bias term

T—h
- 1 PO
Bur = N1 ;1: {thb(Zt_l)T - Alg,hAm{hWtT_l} X, R(Z,_).

For its first component, Assumption A.1(4) and sup, |Rp(z)| = O(J ") give

T—h T—h N
1 ) - 1 , 1
Hm D XEPZ) FulZion)| < 7 D KTy D Wolua-a) el R Zaar)

T—h

< J1/2 HT — ZXZ <J1/2714>'

For the control component, the maintained moment and law-of-large-numbers conditions

imply

1 IT=n 1 T—-h 1 N
H N(T — h) Z Wt—ilXtRh(Zt—l) S J_H_T — h Z |Xt|N Z ||m,t—1||2
t=1 2 t=1 i—1
= Op(']iﬁ)-
Since Hgl?ﬁ” = Op(y/J/T) and HAQQ LIl = O,(1), the partialling contribution is O, (JY/2=#T~1/2) =

~—1

0,(JY27%). Consequently, || Brrlls = O,(JY27%). Because ||A117h|| = 0,(1), it follows that

13



~-1 _
Ay 1 Brrlle = O,(JY27%). Therefore,

~ ~-1 1 T=h ~ o~
bh - bh = All,h m Z <Xt®<Zt71)T — A12,hA27217hWtTfl) Uh7t+h + Op(Jl/Q*n)’ (8)
t=1

where the O,(JY/?7%) is in ¢* norm.

Decompose the leading term into

T—h T—h

~ =1 1 ~-1 . 1
by —by, = Ay, mzxtcb(zt,l)whm — Ay Aen A, mzmluhm
t=1 t=1

+ O, (J77).

Step 1: Rate for by, — by,. We show that I,, = 0, (\ / JX]’\}#) and that S,, is asymptotically
dominated by I,, under the population projection definition of .

Rate of I,,. We have

T—h T—h

N
1 1
—ZXt (Zy— 1) Uht+h = =577 1% Z Ly 1) uthrhERJ
N(T = h) =1 N(T = h) i=1 t=1

Recall sj,; = N"Y2X,®(Z;_1) "up s4n. The orthogonality condition implies E[sy, ;] = 0. Writ-
ing n =T — h, stationarity and Assumption A.1(2) give

2
k
-2 ( B %) tr(Chun (k) < T D IThan (R S Txnaw-

2 |k|<n keZ

1 n
% ; Sh,t

Therefore, by Markov’s inequality,

T—h
1

Z sptll = Op (\/ JXh,J,N) -

T —hi= )

Since N(T B th)(Zt,l)TUMHh = \/N(lT_h) (\/ﬁ Zt:_lh sh,t>, it follows that
T—h
1 JXn,J.N
— Y X, 0(Z_)" =0 R I

14



By Lemma A.1, ||21_11h|| = O,(1). Furthermore,

~ - - J
A = Al < 1RalP1A50 = 047 = (1)

~—1
Hence, by the inverse perturbation identity, ||A;; ;| = O,(1). Therefore,

IXh,gN
I = — .

By Assumption A.1 and matrix regularity (Lemma A.1 together with Apin(Asan) >

~—1

0), we have ||/A12_21h|| = O,(1) and ||g117h|| = Op(1). Under the m.d.s. exogeneity con-
dition in Assumption 1, Ay = E[X@(Zi,t_l)Withl] = 0. Under the stated moment
and time-series dependence conditions, ||Ap,| = O ,(+v/J/T). By Assumption A.1(2),
v = B ] = 0, 50 [[IN(T = W] S Wil = 0p(y/2552). The pre-

ceding bounds give ||S,|ls = T_l/QOp(\/JX](}%) Thus, S, is negligible relative to the
stochastic rate \/Jxn n/(NT).

Adding the bias contribution O,(J*27*) in (2 from (8), |[br — bullz < |Lull2 + |Sall2 +
O, (JY?7r) = Op( M) + O,(JY*7"), where we used that ||S,||s is dominated. This

establishes the stated coefficient rate, in ¢? norm.

Step 2: Pointwise CLT for §,(z). Fix 2 € Z. Multiply (8) by /N (T — h) ¢(2)"

~ ~—1 T=h
N(T = h)é(2) (b —bu) = 6(2) Ay, ﬁ (Xi@(Z1)" = Avzndg, W 1)uht+h]
t=1

+/N(T = h) O, (J*%).

By Step 1, || Aol = Op(+/J/T) and puyy = E[W," jup4n] = 0 by Assumption A.1(2).

Hence

EJVﬂWMmemM@MM

1 T
N(T — h) ;W““’“t*hu
p(\/ J/ ) p( ) p(\/Xh,J,N)-

A—1

After premultiplication by ¢(z)" A, , and division by o} (z), the Frisch-Waugh correction

is O (”d) z|)|2 \/ JX’}’:”N ) . This term is controlled below by the pointwise matrix-rate condi-
h
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tion. Define the score process §h,t(z) = ah(z)Tshyt = ah(,z)TN*l/2 ZZN:1 Xed(Zi 1) 14,
where ¢p(z) = A;l{h¢(z). By Assumption A.1(1)-(2), {Shs(2)}; is strictly stationary,

has finite second moments, and is mean zero because E[X;¢(Z;1—1)uis+n] = 0. Assump-
tion A.1(2) gives Z ‘E[Sht )Sht ( ” < H(bh H2Z ITh, g (k)| < oc. Consequently,

res B [Sh,t<z>sh,t_k<z>} = u(2) Vg (2)

The eigenvalue condition on €2, ensures that o}?(z) > 0. Define ay,(2) = Q% Then

lan(2)||3 = %Q(’jh() Land Yy, 7(2) = ah(z)Tle/Qshﬁt. Consequently, the standardized
score-moment condition in Assumption A.1(2) gives, for some gy > 2, sup; y || Yn,07(2)| 2o <
0.

Let p :== max{p, p,} < 1. A product-difference decomposition, Holder’s inequality, the
geometric functional-dependence conditions in Assumption A.1(1)—(2), and the Lipschitz

property of the spline basis give
Yo (2) = Va0 (2)] 1 S min {1, Lyp*"+}

Choose mp = h—l—[%-‘ for some € > 0. Since L; < J3/2, e o ‘thT z) — thT{o}

Ljpmr=h < J=¢ — 0. Moreover, my = O(log J) = O(logT) because J/T — 0.

The long-run variance of the standardized score equals one: >, ., B[V} 1 7(2) Y5 —p7(2)] =

én(2) T 1 NPR(2)
012 (2)

for every ¢ > 0, E|:Yh,0,T(Z)21{|Yh,O,T(Z)| > 5\/7}} < T~@=2/2 5 0. The my-dependent

approximation and the standard blocking argument for triangular arrays therefore give
1( \/7215 1 Sht( ):>N(071)'

By Lemma A.1, ||A\;11h|| = Op(1) and HAllh ;11,h|| = Op(Tar). Moreover, Hfzill,h -

= 1. The uniform L% bound also implies the Lindeberg condition, since,

g11,h|| = O,(J/T). Under the growth condition below, J/T — 0. Hence le,h is nonsingular

~-1 ~-1
with probability approaching one and |4, ;|| = O,(1). The inverse identity gives A, ; —
~ =~ = —~ =1 ~

A1_117h = Ay Ay — All,h)Aﬂl’h, and consequently || A, — Af1{h|| = O,(J/T). Combining

~—1
the preceding bounds, ||A4;,, — f11h|| = Op(aar).
Let Upp = (T — h)~/? Zt " spt. By the score bound established above, [|Upr|ls =

Op(7/JXnsn). The eigenvalue bounds on Ay p and €, imply [|¢(2)[2/075(z) = O(1). It

16
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follows that

~—1
¢(Z)T (An,h An h) Un,r

H¢(Z)||2 =t
03 (2) = ot (2) An,h All,h | Unrll2
= O, anr
Oh(z)

Therefore, suppose that

- H¢ 2 \/JXhJN

o7 (2)

(9)

Because a4 > /{;/T > T~/2, condition (9) also implies ”fﬁ?l'k TNy . Hence the
h

inverse-matrix replacement and the Frisch-Waugh correction are both 0,(1). Combining

these bounds with the sieve remainder established above gives

VNT = 1) é(2)" (b, — by)
oi(2)

B 1 = —le(@)ll2/ I XnaN o)z [ IxnaN VNT Ji=*
a on(2) VT —h Sht (A o7 (2) ) p( o7 (2) T )+Op< o7 (2) >

t=1

Thus, under (9) and the undersmoothing condition ¥== (J) © — 0, the preceding remainder
h

is 0,(1).
Finally, gn(2) — gn(2) = ¢( )’ (Eh—bh) Ry (2), with supzeZ\Rh( )| = O(J~"). By point-

wise nondegeneracy of o7 (z ‘\/ (T'— h)Rp(z) /o5 (2 ‘ = 0(1), where the final conclusion
follows from ¥ r?fé ;% — 0 . Hence
h

V(T = h){Gn(z) = gnl= };»N(o,n. 0

o5 (2)

2.2 Proof of Theorem A.2

Lemma A.2 (HAC bound for the infeasible effective score). Maintain Assumption A.1, and
suppose that the standardized score-moment exponent in Assumption A.1(2) satisfies qo > 4.
Recall spy, Tnyn(k), and Qu gy = ey Chan(k). For 0 <k < L < T — h, define Ty(k) =
o S et and O = Th(0) + Xy wn {Talk) + Tu (k) T} =1 7.

For the dependence calculation, reindex and normalize the score by outcome date: 3, =
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X};l‘]{?\[‘shﬂ“*h' Under the causal representations in Assumption A.1(1)-(2), {3n,}rez is a

. . o (r—
mean-zero, strictly stationary causal process. Let sh(: jm)

Jth coordinate obtained by replacing the primitive innovations at date r — m with indepen-

denote the coupled version of its

dent copies. Define d; = 1+ log(1 + L;). Then sup; y maxj<;sup,cz ||3nrll 0 < 00 and

sup; % max;< s Z;’::O Sup,.cz thm — gz(:;m)‘ » < 0.
Suppose also that limg . sup x m Z|k|>K IThan(k)| = 0.
Define
L
br (L, T) r — k| ||T — r k
(L T) = Y Than B+ = D Ik IThan (R) + = > [T (k)
|k|>L |k|<L k<L
Then b (LT
el v < 2
Xh,J,N Xh,J,N
and
Hme E[ﬁinf] H — O Jd2 £ '
Xh,J,N " b NT
Consequently,

thNHQm Q|| =0 (Jd%\/;)JrO(—bF;}Ei’NT)).

In particular, if L — oo and J*d4L)T — 0, then

| — 2nan]
= 0.

Xh,J,N

Proof of Lemma A.2. Forj < J, leta; n = X;’IJ{]QVQ;L/?NGJ Because [|a; s[5 = €] Qnsne;/Xnin <
1, and 3;,,,; = ajT J’NQ;(IJ{?VSh,T,h, the standardized score-moment condition in Assump-
tion A.1(2) gives sup; y max;<ySup,¢z |8n,r ;Lo < 00.

Let p == max{p, p,} < 1. A product-difference decomposition, conditional Rosenthal’s
inequality, J/N — 0, the sieve Lipschitz bound, and the geometric dependence conditions

in Assumption A.1(1)—(2) <
L0

o~ x(r—m)
Shyrj = Sp R

m— S g*(r—m) —
min {1, L;p™~"+}. Since h is fixed, max Z_: EIEHZ) Hsh,m’ = Shrj Hqu S1+log(l+Ly) =dy.

This proves the two score-dependence boun_ds stated in the lemma.
For the lag-product process, define Ytjlf = Sht+hiShi—krht — BlShitniShi—ktne] - If Ytjlf*

denotes its coupled version, then ab — a*b* = (a — a*)b + a*(b — b*), so Holder’s inequality

18



gives
<

~

Thus, the lag-product process inherits summable functional-dependence coefficients from the

iyl
Yok = Yok

Ld0/2 §h7t+h7j - éz,t—&-h,jHqu ||§h,t—lc+h,€||qu

+

~%k ~ ~k
Sh,t—i-h,jHqu Hsh,tfl%h,f - Sh,t—k’+h,€||qu :

score process. The relevant products of the score dependence norms are of order d3.
Stationarity gives, for k > 0, ]E[fh(k)] = (1 — k/(T — h))T'psn (k). Therefore, E[Qﬁf] _
Z\MSL wyg|(1 — |k| /(T — h))Th sn(k), where wy = 1. Hence

E[ﬁ}}nf] — Qh,J,N = — Z FhJ,N(k') + Z (’LU|k| — 1)Fh,J’N(kJ)

|k|>L |k|I<L
k
|k|<L

Since |wyy — 1| = |k|/(L + 1) and 0 < wy < 1, the triangle inequality yields
HE[QZM] - Qh,J,NH < bra(L,T).

The normalized absolute-summability condition in Assumption A.1(2), the uniform normal-
bF,h(LvT) — 0

N ] Xh,J,N S

Next, let Dy, := Q" — E[Q}], and denote its (5, £)th entry by D je. Let Dy = x5 yDh.

Define agf) =wy—p {1 <t,r <T —h, [t—r| <L}, with wyg = 1. Then

ized covariance-tail condition, L — oo, and L/T — 0 imply

T—hT—h
. 1 L) (. 3 . 3
Drje=F7— SN al Gnrengdnrine — Eldneingsnrind} (10)
t=1 r=1
Because qg > 4, the preceding bound and the monotonicity of LP norms imply

. oo
max;<j Zm:() SUP,cz

ity (see Liu and Wu 2010 and Wu and Zaffaroni 2018) for functionally dependent processes

Shrj — éZ(:;m) HL4 < d;. The bilinear quadratic-form moment inequal-

therefore gives, uniformly over j,¢ < J,

T—hT—h T—hT—h 1/2

§ § g § 2
S al SSnisnginrine — Elsninidnrand}|| < Cd {Z > (af)) } . (1)
t=1 r=1 L2 t=1 r=1

The bilinear version follows from the corresponding quadratic-form inequality by polariza-
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tion. For the Bartlett weights,

T—hT—h L
SIS @) =T —h 423 (T~ h— k)yw} < T(1+2L) S TL.
t=1 r=1 k=

Combining this with (10)-(11) gives sup; ;< |Dhielre < dJ\/7 and hence sup; KJIEJ[Dh gl S
dil,%. Consequently,

J J
E || Dall7 = ZZE Dj ;i) < J*d;
j=1 (=1

Since || Dyl < || Dullr, Markov’s inequality yields || Dy|| = O,,(Jdi\/%) O

Lemma A.3 (Approximation-error and control-score bounds). Maintain Assumption A.1.
Write Ry = Rp(Zy—1) = (Rh(ZLt,l), e Rh(ZN,t,l))T. Suppose that, uniformly over j <
J,

E[¢;(Zig—1)*Rn(Ziz—1)?] S T2, IE[¢;(Zis1)Rn(Zig1) | Al S T 571 (F-Loc)

Then the following conclusions hold.

(a) Define AP™ = X28(Z,_,)"Ry,. Then

N

1 —h

. 2
A(blas)
N(T — h) H ool

1

— Op(JleH + NJ72/£71) )

t

(b) Suppose the second block of the sample normal equations is

T—h

o~ A~ ~~ ]_

Aot n(bn — bn) + Ao (Y — M) = w7~ Z WL U tns
N(T = h) £

and assume ||[N(T — b)) S22 W oppanll = Op< X2 + {/_;), By Lemma A.1
and Theorem A.1, || Aoy = o,,(\/g) Az = 0,(1),

and H/b\h — bhH2 = Op (Jlﬂ_m + \/ JXJC,#) . Then

1Vh — Yl = Op(T%T)a (12)

wherery p = V%N —l—J\;)i;iN%— f The term J'~ ”/\/T accounts for the approximation-

bias component of by, — by,.
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(c) Recall that Up v = Upen + Xe Ryt — Xt®(Zt_1)(/b\h —by) = Wi_1(Ah — n). Suppose, in
addition, that = 31" X2 | =W,D (7, )| = 0,(1). Then

2
J
= Op(Xh7J’N+NJ*2H+NJ172H+M+NT37T>. (13)

T W,_ 1Uh t+h , T
Consequently, if
NJ-2% 4+ NJi=2 4 JX"% + Nr2 = O(xnun), (F-Control-Growth)
then
=

—h Z HNﬁl/thT—lah:tJrh”z = Op(Xn,sN)-
t=1

Proof of Lemma A.3. For part (a), let Agzias X? Zz L i(Zi1—1)Ru(Ziy—1). The cross-
sectional sum is F;_j-measurable. Therefore, by Assumption A.1(1), together with ¢ > 4,

E[(A}")] = B|EIX! | Fi] (Z %(Zz-,t_l)Rh(Zi,t_l))

<CE <Z ¢j(Zi,t—1)Rh(Zi,t—1)>

Thus, no independence between X; and F;_; is required. Conditional cross-sectional inde-

pendence and (F-Loc) give E[(A(blas)) | =O(NJ2 + N2J’2“’2) Summing over j < J, av-

eraging over ¢, and applying Markov’s inequality yields T ) z ||A(]Dlas 15 =0,(J" 2"+
J 2k— 1).

For part (b), the second block of the normal equations gives

~

T—h
~ _ 1 —~ —~
o —h = Ag NT=h) E W, onsan — Aoy n(by — bh)] -
t=1

Hence

~ XwanN |, J" J JXh,J.N 1/2—x
— ol = Op( (/5] Op () FALIN 4 g
% = 2l Op( NT JF\/T)Jr P( T) ”( NT

B [ Xh,J,N J\/XhJN JI=*
_Op( NT + T\/_ \/_ Op(T%T),
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which proves (12).
For part (c), expand

1
VN

1 X
—W, u + —=
\/N t—1Y%h,t+h \/N
——W,_ ®(Z;_1)(by, — by) — —=W,_  W,_ — .

\/N t—1 ( t 1)( h h) \/N t—1 t1<7h Vh)

Let ¢, .= N72W,Tjup 445, By stationarity and Assumption A.1(2),

T ~ T
W, Uhitn = —W,_ R,

T—
Z !qhtlbl = tr(Elgtoaro' 1) S D IBlaa || S xno-
t=1 kEZ

T—h
Th t=1

ond component, Cauchy—Schwarz gives || X, N~Y2W," Ry |12 < NXZ(N7HIW,1||2) (N7 Rusl|2),
and therefore — Z PIX N2 Ry 4|3 = Op(NT29).

For the third component,

2
Therefore, Markov’s inequality gives \/—INWtLuMMHQ = Op(Xn,sn)- For the sec-

1 X ? 1 =1 ?
t
W, (Ze) (b, — bh) < Nl — bh||2T : ZX2 NWt—Elq)(Zt—l)
0w IXnaN
= OP(NJ1 2 +T) :
Finally,
1 | 1 ? 1 ?
Y =Wl Wi (B — || < Nl WLWt |
—hiz VN
= Op(Nr%T).
Combining the four bounds proves (13). O

Proof of Theorem A.2. We split the argument into three steps.
Step 1: Preliminary limits and matrix regularity.

By Assumption 1, E[X; | F;_;] = 0. Because ¢(Z;;_;) and W;;_, are F;_;-measurable,
Avop = E[Xed(Zie )W) = E[E(X, | Fom1)d(Zig1)W;h_y] = 0. Consequently, Ay, =
Ay p—Ar2 hA;; nA21n = Ai1p. Thus, under the maintained martingale-difference restriction,
the population covariance matrix V,* may equivalently be written using either A11 p, OF A11 e

By Assumption A.1(4), there exist constants ¢,C' > 0 such that ¢ < Ayn(Anp) <
Amax(A11,n) < C. Moreover, Ay j, is positive definite. Lemma A.1 therefore implies HA\ﬁth =
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O,(1) and fAll_l{h —p Al_ll,h‘ Under the maintained ergodicity or weak-dependence condition
for {W;;—1}, the relevant law of large number gives Em,h —p Agap. It follows from continuity
of matrix inversion that A\2_21,h —p Ajyp, and HEQ_;,IH = 0,(1).

To determine the rate of the sample cross-moment, write A\mh =(T—-h)"! tT;h X M,
where M, = 1ZZ L 0(Zi1) th 1 Although Az, = 0, the aggregate shock X is
common across units. Consequently, cross-sectional averaging does not generally reduce the
component of M; corresponding to its conditional cross-sectional mean. Under the stated
moment and time-series dependence conditions, ||212,h|| = O,(\/J/T). The faster rate

O,(v/J/(NT)) would require the additional cross-sectional centering condition

1 N
Nz zt 1 ilfl‘Atfl] =0
=1

Using the general rate and ||121\2_21h|] = 0,(1),

Zn,h — A\ll,h < Hglz,hHQHE_l,

“0(2)

Therefore, provided J/T — 0, Avth —p A11,, in operator norm. The inverse identity gives

~-1 —~ e J
All,h - A11 h A (All h — All h) Alllh =0 (T)
~—1 ) ~—1
Hence Ay, —p ALy, and [[Ayy |l = Op(1).

Step 2: Consistency of the long-run covariance estimator for the infeasible score.

Define the infeasible effective score

Shit = \/— {Xt Zt 1 — A127hA2_21,hWt—|;1} U t4h-

As shown in Step 1, the martingale-difference restriction on X; and the predeterminedness
of Z;yy and W, imply Ay, = 0. Therefore, s, = N"V2X,®(Z, 1) Tupsn.
By Lemma A.2, |

Qi yn|| 0 <Jd2 \/“) +O<bph LT)>
Xh,J,N o Xh,J,N
Thus, if L — oo and J?dYL/T — 0, then %‘JNH 0.

Step 3: Feasible scores and the sandwich mapping.
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Recall s;,; = N™V2X,®(Z,_1) "up 41 and

5“‘7={ (1) = Ao Al Wil } s

Let epnt = Spt — Spyt. Using Upypp, — Upgen = XeRpy — Di(0, — 65), we obtain

1 I~y " N A~
Cht = \/—N{XECD(Zt—l)TRh,t - th)<Zt—1)TDt(0h - eh) - A12,hA2_217hWt—£1Uh,t+h}‘

By Lemma A.3,
T—h
1 9 J1—2n + NJ—QI{—I
X2®(Z,_)'R =0 ( ) . 14
Xh,J,NN(T - h) ; H ! ( ' 1) M”Q P Xh,J,N ( )
Under
NT J
J " —=0 and = —0,
Xh,J,N T

the right-hand side is o0,(J/T).
Next, set v, = é\h — 0p,. Under the maintained design-moment law of large numbers,

T—h
1
Hm ; XED{ ®(Zi-1)®(Zi-1) " Dyl| = Op(N).
Consequently,
1

T—h R ,
X,0(Z,_) Di(B, — 0
Xh NN(T — h) ;H 1®(Zi-1) Di(On — Oh) ,

N - N NJ'=% J  Ni? J
:04——wm—m@+——w%—%m):@( N ):0(—)
Xh,J,N Xh,J,N T

Xh,J,N T Xh,J,N

where Theorem A.1 and Lemma A.3(b) have been used. Since X" = o(J/T ) =
Xh,J,N Xh J,N

O(J/T), condition (F-Control-Growth) also holds, so Lemma A.3(c) applies. For the par-

tialling term, submultiplicativity and Lemma A.3(c) give

2

< || Arall?lI Az hH2 Z

2 SN =1

~a(2). ”

T—h
A12 hA22 hWt 1Uh t+h

XhJN Py
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because [| A = Op(v/J/T) and [| Az, || = Op(1).
Combining (14)-(15) yields ——17—= 577" ey |3 = OP(M + %). Under

Xh,J,N

the undersmoothing condition \/NT/xpn J % — 0and J/T — 0, {J'" ">+ NJ 21} /xp yn =

o(J/T). Therefore,
v J
. Zﬂehtﬂz] 20p< T) :

Moreover, because the dimension of s, increases with J, the appropriate normalized score

bound is
, _
————— > lIsnell3 = O, (),
Xnn (T = h) =

rather than O,(1). At every lag k < L, Cauchy—Schwarz gives

1/2 1/2
1 1 . 1 ,
S <( zuemm) (—zush,muz) |
Xnan || T —h = Xh,J,N Xnan(T = h) <
ZHeht”z

—_ EntCh i
Xh’J,N T —h ; tYht—k

"~ XhJN

Expanding fs\h,tfs}tt_k - shﬁts;t_k = eh,ts;,t_k + sh,te;t_k + €h,t6;¢_k and summing the L + 1

L\/_\/>+L (\L/;) (16)

Consequently, ||§Alh - ﬁ}{lf||/Xh,J7N 2, 0 provided

Bartlett-weighted lags therefore gives

1192 — Q)

Xh,J,N

LJ — 0. (F-HAC-Growth)

VT

Combining (16) with Step 2 gives ||§h—Qh JN||/Xh JN ﬂ) O Since 0, = Qs n, it follows
that ||Qh — ll/Xnan 2 0. Finally, define Vh = Au thAllh and V;r = Ay} thAn e Let

Bh = All,h and Bh = All,h' Then Vh Vh = (Bh — Bh)QhBh + Bh(Qh — Qh>Bh + Bth(Bh — Bh)
Because || By — Byl = 0p(1), [ Bull +[|Bull = Op(1), and [|Q%]|/xn,5.x + |l /xR0 = Op(1),
we conclude that ||V — Vi*|| /xnsn = 0.
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If, in addition, ¢(2) "V ¢ (2) 2 xnanl¢(2)]3, then

-1

‘¢>(z>W,:¢<z> _ o). -

o(2)Vie(z)

2.3 Proof of Theorem A.3

Notation for this subsection. The symbols X;,n,p,m, M, and L below are local to this
theorem and its proof: they denote, respectively, a generic vector process, the sample size
and dimension, the dependence-truncation and big-block lengths, and the number of big
blocks. They are unrelated to similarly named aggregate-shock, HAC-lag, or sieve quantities

used elsewhere in the paper.

Theorem A.4 (Gaussian Approximation for High-Dimensional Stationary Time Series). Let
{Xi}, be a p-dimensional mean-zero strictly stationary Bernoulli shift, X; = g(et, 11, .. .),
where {&; }iez are i.i.d. Let m and M be positive integers withm < M, set L == |n/(m+M)|,
and write ¢, = 1V log(2p). Suppose p = p, — oo and that the following hold for some ¢ > 4
and o > 1/2—1/q.

(i) (Moments.) sup,, Sup;.; maxi<j<p, E|X; ;¢ < oco.

(ii) (Functional dependence.) Let X, o) denote the coupled version of X; obtained by
replacing €9 with an independent copy €5, and let X, j 10y denote its jth coordinate. For
i>0,7>2, and j < p, define 0;,; = || Xs; — Xijqopller and Dy, = >27 birj.
Define || X j||ra = sup,so(s+1)*Ag,; and U, o = maxi<j<, [| X j|ra, and assume ¥,

is uniformly bounded along the asymptotic sequence for each r € {2,q}.

For the vectorwise dependence measure, define w;q = ||| Xi — Xijo}lloollze, Qg =
D iesWigs and Iy o = sup (s + 1)*Qy . Finally, define Ty = (327, 1 X012 )14

and Oy = Tya N (lpll, o). Here £, = 1Vlog(2p) is used in place of the asymptotically

equivalent logp convention. By construction, Oy, < Tgq < pl/‘l\pq’a,

(iii) (Long-run covariance.) The long-run covariance matriz ¥ = Y, , E[XoX,'] ez-
ists, with the series converging absolutely entrywise. Moreover, for some constants
0<ec<(C <o,

¢ < min ¥;; < max Xj;; <C
1<j<p 1<j<p
uniformly along the asymptotic sequence.

(iv) (Block-size conditions.) () < L, M > ml, and {m~* + v(n)}(; — 0, where
v(z) =zl ifa>1,v(x) =(logz)/z ifa=1, and v(x) =27 if 0 < a < 1.
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(v) (Moment exponent condition.) p/i(, = o(L'/*71/9) and p*/i(, = o(me~Y/**1/apt/2=1/a),

Let Z ~ N(0,%). Then, on a suitably enriched probability space, there exists a real-valued
random variable Z, satisfying Z, < | Z||oo such that
p(||= > x| -2
= t — 4n
VS

o0

> 5n> — 0,

where
5n — C|:L_1/6£;/6 vpl/quL—l/Q—i-l/q vpl/quml/Q—l/q—anl/q—1/2
(17)

VS (m/M + L), v e + v(n)}l/i’)eg/ﬂ

for a sufficiently large constant C' depending only on the constants in the assumptions, q,

and o.

Proof of Theorem A.4 is contained in the accompanying Technical Note, which is provided

separately from the Online Appendix.

Remark 5 (Discussion of rates). The first term in 9,, (17) is a convenient conservative choice
for the CCK coupling of the L independent big-block sums. The power 7/6 makes the

2/3 radius would require an additional

remainder in CCK Theorem 3.1 tend to zero; a (logp)
unspecified slowly diverging factor. The second term is the finite-g part of the same coupling,
and the third is the finite-q cost of the m-dependent approximation. These two terms cannot
in general be deleted merely because they are o(1).

The fourth term is the Gaussian cost of restoring the small and terminal blocks. The
last term is the Gaussian covariance-comparison radius. Its m™® component is essential: the
Gaussian process used in the intermediate coupling matches the covariance of the truncated
process {X; ., }, not that of {X;}. The term v(n) is the Cesaro error between the full-sample
covariance and the long-run covariance. Thus v(M) is not, by itself, the covariance gap in
this construction.

The restrictions also have distinct roles. The condition 62 < L controls the CCK re-
mainder, and the two conditions in (v) make the finite-¢ truncation remainders vanish.
Zhang—Wu’s exact small-block coefficient is Lm©?

q,a

sorbed into the displayed CCK finite-g term under m < M; no condition M > m? is needed.

so its polynomial radius is already ab-

The stronger convenient requirement M > m@ makes the Gaussian block-restoration radius
vanish (for that purpose M > mf, would suffice), while {m~* + v(n)}£2 — 0 makes the
covariance-comparison radius vanish.

Worked evample: L = |n*?|. Set L = |n??], implying m + M =< n'/® and hence
M = n'/3 when m < M. If the two displayed finite-¢ terms in 6, (17) are additionally
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dominated, the remaining verified rate is
0o S 0 2(logp)® v \/m/n'/3 (logp)'? v {m™* + v(n)}?(log p)*/*.
In particular, making the m™ covariance component no larger than the CCK term requires
m > n'/G) (log p)~3/ ().
Making the Gaussian small-block term no larger than the CCK term also requires
m < n'?(log p)¥/3.

These lower and upper choices are compatible at the polynomial level only when o > 3
(with the boundary o = 3 permitted by the displayed logarithmic factors), subject also to
the block-size and finite-q restrictions. For a < 3, the displayed maximum, rather than the

clean CCK term alone, is the valid conclusion.

Proof of Theorem A.3. To apply Theorem A .4, identify its generic sample-size index n with
the effective time dimension 7" — h. The rate conditions stated in terms of n =T — h are
therefore asymptotically equivalent to the corresponding conditions stated in terms of 7.

~ Define Upp = (T — h)"'/? T she, Wi = [N(T = )]"V2SS TP Wi Jug gy, and
Bpr = [N(T —h)|™* tT:_lh Py XiRyp(Zi—1). We prove the two claims in four steps.

Step 1: Exact normal equations and the uniform rate.
The two block normal equations for (Zhﬁh), followed by exact block elimination of 7,
give

~ ~—1 —~ —~ ~
VNT =h)(on = bu) = Ay, |Unr = Aiap Ay Wi + /N (T — ) Bth} . (18)

Thus, no sample control term is discarded.
Because Amax(€2n) < xnsn and the score autocovariances are absolutely summable,

E||Uh7T||% SJ tI‘(Qh) 5 JXh’J’N. Therefore, ”Uh,THQ = Op(\/JXh,J,N) . Conditions and the
~—1 ~
preceding Gram-matrix bounds give |[Wyrll2 = Op(\/XhJiN), ||A11’h = O0,(1), ||Awznll =

Op(v/J/T), and || Agy [l = Op(1).
The direct component of By, 1 is O,(J 1/2=1) by the sieve-envelope condition and Cauchy—
Schwarz. Its partialling-out component is O,(1/J/T J~") and is therefore dominated. Hence
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||§h7T||2 = Op(Jl/Q*”). Using sup, [|¢(2)]l2 < V.J in (18), we obtain

pr@W&—%w:%(]XMW)+Q<iﬁ%ﬂ)+OAf%)

z€EZ NT \/NT
Xh,J,N —K
:04J NT)+@u1y

Because sup,.z |Ry(2)] = O(J %) = O(J'™%), it follows that

o~ . . Xh,J,N 1—k
sup 31 (2) — 0n(2) = Oy () 4 0,(770)

which proves part (a). By stationarity and Assumption A.1(2),

k
ElUrl3=tr| 3 ( il )rh,J,N<k> < IS T ()] S Txn.

T—h
|k|<T—h keEZ

Step 2: Studentized linear representation.

Because A, = Ale,h = 0, the population Schur complement equals A;; ;. Write

VN(T = 1) (b, — b)) = A7 Unir + it
Equation (18) gives
~-1 ~1 o =~ L
ThT = <A11,h - Al_ll,h) Uh,T - A11,hA12,hA2_21,hWh,T aY N(T - h) A11,hBh,T-

Since

¢(2)

o (2)

= An,hlﬁh(z)

and Apin(25) > cq > 0,
sup [[n(2)[|2 < e,
ZEZ

Therefore, for the inverse-replacement term,

~—1
ﬁb(z)T <A11,h - Al_ll,h) Un,r
sup = sup

ZzEZ UZ(*’«’) z2€EZ

=0, (C_LA,T V. JXh,J,N) ,

~—1
¢h(Z)TA1Lh <A11,h - Anl,h) Un,r
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by Lemma A.1. Similarly,

~—1 ~
O(2) Apy p Ao A Wi J .
sup 11,h 22,h =0, XhJN | _ O, <aA,T\/m> :

2€Z o7 (2) T

For the approximation-bias term,

~—1

B
N(T — h)sup o2) *H’h M = N(T — h)sup
z2€EZ O'h(Z) zEZ

~—1

Un(2) " ArnAyy , Bur

= 0, (VNT J12+).

Moreover, Assumption A.1(2) and (U-Norm) imply inf,cz 0% (2) 2 75 > 1.
Hence \/N(T — h)sup,cz ‘ff((j))‘ = O(\/ NT J*") , which is dominated by O(v/NT JV/?~%),
h

Because

Gn(2) — gn(2) = &(2)T (b — bw) — Ru(2),

we conclude that

sup N(T -~ h)i/g(\h§Z) — gh(Z)} - wh<z)TUh,T = Op (aA,T\/JXh,J,N + \/NT J1/27”) .
Z2EZ Op\2

(19)

Step 3: Gaussian coupling on a deterministic net.

For{ =1,..., Ky, define Yy ,.0 = yn,r(20) = Un(20) "snpn, and Vi = Vi1, oo, Yarky)
Because \/ﬁ Zf:hﬂ Yire = ¥n(20) "Unr, we may relabel this length-(T — h) stationary
block by t =1,...,T7 — h. The standardized score-moment condition in Assumption A.1(2)
implies the required moment condition, while condition (U-FD) implies the functional-
dependence condition of Theorem A.4 for {Y},;}. The long-run covariance matrix of Y}, ; has
entries Yy = ¥n(20) " (z1). By the definition of ¥y,(2), Sy = ¥n(ze) " Qntbn(ze) = 1.
Thus, the coordinate variances are uniformly bounded above and away from zero, including
at rate-switching points. The covariance matrix may nevertheless be singular when Kp > J,
which does not affect the coordinatewise variance condition in Theorem A.4.

Recall that Gp(z) = @Z)h(z)TQ,llp/\/'J. The Gaussian vector in Theorem A.4 therefore has

the same distribution as (G,(2))5%. Theorem A.4 gives a coupling such that

max ‘wh(Zg)TUh,T‘ — max |Gh(ze)|| = Op(d1). (20)

L<Kr

Step 4: From the net to the continuum and then to Kolmogorov distance.
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For each z € Z, choose z, € Z7 such that |z — 2| < ep. Since ||Upr|l2 = Op(\/IXhuN),

sup min Wh Uh,T — 1/)h(24)TUh,T} < Ly yner||Unrl2 = O, <L¢,J,N£T\/JXh,J,N> - (21)

zeZ (<K

Combining (19), (20), and (21) gives

VNT = B){Gn(2) — gn(2)} '

su max |G (z
s 7 (2) gy () (22)
= Op(5T + C_lA,T\/JXh,,J,N + \/NT JV/2x + L¢’J7N€T\/ JXh,J,N) .
Moreover,
1/2
{E1Gh(2) = Ga() P} < 1901V 0n(2) — wn(2)]l2
S VXN Ly anlz = 2.
Dudley’s entropy bound and Gaussian concentration therefore give
suggmm |Gr(2) — Gr(ze)| = O, <\/Xh7J,N Ly jner log(l/gT)> ) (23)
zE

Combining (22) and (23), condition (U-Growth) implies

VN(T = h){Gn(z) — gu(z }‘—sup|Gh(Z)|

sup
ZEZ

En)

Since Var(Gp(z)) = 1 for every ¢ < K, Gaussian anti-concentration gives, for 0 < r < 1,

supIP’( §7“> S r/lr +log(1/7).
zeR

The Gaussian modulus bound transfers this anti-concentration result from the net to the con-

Uh(z) Z2EZ

max |Gh(z0)| —

tinuum. Indeed, if E7 denotes the preceding coupling error, then \/¢rEr = 0,(1). A diagonal
argument therefore gives a deterministic sequence ¢y | 0 such that IP’(\/ brEr > CT) — 0.
Replacing ¢y by max{cr,f;'} if necessary preserves this property. For rr = cr/v/r,

rr/Cr 4+ log(1/rr) < er — 0. The coupling-to-Kolmogorov inequality therefore gives

Vv N(T — h{gh — gn(z }

sup [P sup <z|- P(sup |Gr(2)] < x> — 0.
z€R 2€Z Uh(Z) 2€Z
This proves part (b). O
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3

Figure 1 provides a robustness check for the Monte Carlo results in Section 5.1 of the paper

Additional Simulation Results

by repeating the comparison under a Fourier DGP,

with z normalized to [0,1] by (z + 4.65)/9.3. The results are similar to those for the cubic

DGP: the sieve estimator captures the nonlinear IRF, while the linear specification misses

g(z) = 0.8sin(27z) 4+ 2 cos(2mz) — 0.5sin(4nrz) + cos(4nz),

its curvature.

including coverage and average width across oracle, AIC;, GCV, and LASSO sieve-dimension

choices. Coverage improves with sample size; AIC and GCV mildly undercover, while LASSO

Tables 1 and 2 report the full results for the uniform-band simulation in Section 5.2,

typically achieves higher coverage with wider bands.

Impulse response functions

Impulse response functions

Fourier IRFs across horizons with sieve spline AIC and linear interaction LPs (N = 500, T=200,86=1)

h=0 h=4

T = True Fourier IRF T
= = Sieve spline AIC IRF

@ MC percentile band (10% $"90%)
N === Linear IRF

Impulse response functions
0
!

Impulse response functions

o o R e e
o A o A
e e
T T T T T T T T T T
4 2 0 2 4 4 2 0 2 4
z z

Figure 1: Monte Carlo comparison of sieve and linear IRFs under the Fourier DGP
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Table 1: Uniform-band performance of sieve across selector choices at horizons h € {0,4}
under nominal coverage 1 — a = 0.95

Oracle AIC GCV LASSO
N T Coverage Width Coverage Width Coverage Width Coverage Width
Panel A: Horizon h =0

40 0.55 1.25 0.44 1.27 0.45 1.26 0.50 1.33
1 120 0.76 0.74 0.63 0.82 0.64 0.81 0.68 1.07
200 0.85 0.57 0.73 0.64 0.73 0.64 0.74 1.06

40 0.84 0.12 0.73 0.14 0.73 0.14 0.39 0.57
100 120 0.91 0.07 0.83 0.08 0.83 0.08 0.78 0.36
200 0.93 0.06 0.88 0.06 0.88 0.06 0.87 0.28

40 0.82 0.05 0.72 0.06 0.72 0.06 0.41 0.26
500 120  0.91 0.03 0.84 0.04 0.84 0.04 0.76 0.16
200 092 0.03 0.86 0.03 0.86 0.03 0.86 0.13

Panel B: Horizon h = 4

40 0.61 7.80 0.52 8.15 0.52 7.98 0.61 7.84
1 120 0.82 4.80 0.72 5.49 0.72 5.34 0.80 5.10
200 0.89 3.51 0.78 4.18 0.79 4.15 0.88 3.92

40 0.82 2.79 0.73 3.13 0.74 3.13 0.78 3.03
100 120  0.90 1.76 0.82 2.01 0.82 2.01 0.83 2.07
200 0.90 1.47 0.92 1.66 0.92 1.66 0.88 1.80
40 0.79 2.35 0.75 2.56 0.75 2.56 0.73 2.54
500 120  0.87 1.48 0.87 1.64 0.87 1.64 0.84 1.73
200 0.92 1.17 0.89 1.30 0.89 1.30 0.90 1.42
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Table 2: Uniform-band performance of sieve across selector choices at horizons h € {8,12}
under nominal coverage 1 — a = 0.95

Oracle AIC GCV LASSO
N T Coverage Width Coverage Width Coverage Width Coverage Width
Panel A: Horizon h = 8

40 0.61 9.85 0.53 9.83 0.55 9.83 0.60 9.87
1 120 0.83 5.18 0.72 5.66 0.73 5.57 0.81 5.31
200 091 3.77 0.85 4.31 0.85 4.21 0.91 3.91

40 0.80 3.08 0.71 3.46 0.71 3.47 0.76 3.25
100 120  0.90 1.89 0.88 2.17 0.88 2.17 0.89 2.03
200 0.93 1.58 0.92 1.82 0.92 1.82 0.89 1.72

40 0.83 2.67 0.80 2.88 0.80 2.88 0.80 2.77
500 120  0.88 1.62 0.87 1.81 0.87 1.81 0.86 1.75
200 0.93 1.26 0.92 1.42 0.92 1.42 0.92 1.40

Panel B: Horizon h = 12

40 0.54 12.18 0.46 12.35 0.47 12.11 0.52 12.14
1 120 0.84 9.33 0.76 5.73 0.77 5.68 0.83 0.44
200 091 3.80 0.82 4.27 0.82 4.25 0.91 3.85

40 0.83 3.32 0.72 3.75 0.72 3.75 0.81 3.41
100 120 0.91 1.93 0.90 2.24 0.90 2.24 0.89 2.00
200 093 1.58 0.93 1.82 0.93 1.82 0.93 1.66
40 0.81 2.85 0.75 3.09 0.75 3.09 0.78 297
500 120  0.95 1.64 0.91 1.82 0.91 1.82 0.92 1.71
200 0.95 1.30 0.94 1.46 0.94 1.46 0.93 1.37
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Technical Note to “Causal State-Dependent Local

Projections”

Joel M. David, Raffaella Giacomini, Xiyu Jiao, and Weining Wang*

September 7, 2026

This Technical Note provides additional theoretical material that complements the main
paper and the Online Appendix. It contains the proof of Theorem A.4, which establishes the
high-dimensional Gaussian approximation result used for uniform inference. It is presented

separately from the Online Appendix for completeness and ease of reference.

Proof of Online Appendiz Theorem A.4. The proof proceeds in three steps. Let By, == [(b —
1) (M+m)+1, bM+(b—1)m| and S, == [bM +(b—1)m+1, b(M+m)] denote the bth big block
and small block respectively, for b =1,..., L. Set ng .= L(M+m) and R,, .= {no+1,...,n}.
Define the m-dependent approximation of X; by X;,, == E(X} | €1—m, ..., &), and set

Y, = > X, Y= Xy, b=1...L

teBy teBy

Step 1: m-dependence approximation and small-block removal. We first control

the gap T% — Ty, where

n L L
TS = ZOXt, Tym = > Y= 3 > X
t=1 b=1 b=1 teBy

This gap encodes both effects at once: replacing big-block summands by their m-dependent
versions, and discarding the small-block observations. The terminal sum over R, is treated

below.

*David: Federal Reserve Bank of Chicago (joel.david@chi.frb.org); Giacomini: Department of Eco-
nomics, University College London (r.giacomini@ucl.ac.uk); Jiao: Department of Economics, University
of Gothenburg (xiyu.jiao@economics.gu.se); Wang: Department of Economics, University of Bristol (wein-
ing.wang@bristol.ac.uk).



Under the standing hypotheses ¢ > 4 > 2 and @ > 1/2 — 1/¢q, Lemma 7.1(i) of Zhang
and Wu (2017) yields, for every y > 0,

P(IT% = Tyl 2 y) < fiy)+ (),

with .
* _ q,x .
fl (y) - yq + p eXp( n \I’%a > 3
Lm®o! cy?
* _ q,& .
f2 (y) - yq + p exp( Lm \I]%a) )

where ©,, is defined in condition (ii). That condition gives 04, < p¥? . so the two

q,0x ~ q,o

polynomial coefficients are bounded respectively by

pnmqm_l_qo‘\lﬂ me\IJg’a.

q,a

The pair f; captures the truncation gap, and the pair f; captures the small-block sum.
Pick

y = CUy, [m_o‘\/nﬁp Y \/Lmﬁp] vV CpYi, W, o |0t imt2m ey (Lm)l/q]
for a sufficiently large constant C' > 0. With this choice, each of the four terms above is
o(1):

i) ff, Gaussian: y 2 Vs qm~*y/nl, forces y*m>*/(nV3 ) 2 £, so the exponential term

tends to zero for a sufficiently large C.

i) ff, polynomial: y 2 pl/qépnl/qml/%l/q*a\l/q@ ensures that the polynomial ratio is

O(£:9) = o(1).

P

i) f3, Gaussian: y 2, Wy q+/Lml, forces y*/(Lm¥3 ) 2 £,, so the Gaussian tail of f;

vanishes.
iv) f3, polynomial: y 2 p*/1,(Lm)"7¥, , again gives a ratio O(¢; %) = o(1).

Consequently P(||T% — Tym|l > y) — 0.
Dividing y by v/n and using L < n/(M 4+ m) < n/M (since m < M), the contribution



to 0, is

< m =\l Voo V \/m/M /0, Vs,

trunc., Gaussian small-block, Gaussian

v ?l/qum1/2—l/q—anl/q—l/Q\Pq’a V. ?Uqu(Lm)l/qn_lm‘Pq,aj.

B

TV TV
trunc., polynomial small-block, polynomial

Call the displayed maximum 7;. Its Gaussian truncation term is dominated by the last term

of 4, while its Gaussian small-block term is contained in the fourth term. Moreover,
jpl/qu(Lm)l/qn—l/2 — {pl/quL—l/%l/q} ml/q/w /M,

so the small-block polynomial term is dominated by the second term of d,: indeed, m?*? <
m < M for ¢ > 2, and hence m'/9/v/M = o(1). The truncation polynomial is the third

term of d,,. Hence T} < §,. Finally, |R,| < M + m and the same maximal inequality gives

Tl,term S \/m V pl/quMl/qn—l/Q.

The first term is dominated by L=/6¢7/% and the second by pY/0, L =12 1/4 hecause n < LM
and ¢ > 4. Thus the same conclusion holds for Ty = >} | X; with 7} enlarged by T} term.

a terminal-block radius

Step 2: Gaussian approximation of the independent block sums.

By construction, {}N/},}lf:l are independent: each Y, = Ztegb Xi.m depends only on {e; :
s € By} with B} = [min B, —m, max 3], and the small blocks of size m between consecutive
big blocks ensure By N B;,; = 0. Define Z, ~ N(0,E[Y,Y,T]) independently. Define the

real-valued block maxima
A P I IR A

To handle the absolute maximum, apply Theorem 3.1 of Chernozhukov et al. (2016) (here-
after CCK) to the 2p-dimensional angmented vectors (Y,",—Y,")T and (2, —2,])T. Thus,
for every Borel set A C R and § > 0,

P(Vy, € A) < P(Gp € A°%) + ¢(6), (1)

where

Cisl?

9(6) = 53\/E

{L* + Mp1(6) + Mp2(5)},



with universal constants C7, Cs > 0, and

L = maX—Z]E]Y},J :

1<]<pL
L
~ SVL
Mp,(0) = Z:: max |Yb7j| 1{{2?<)§)|K’J| > a }] ,
My, 5(0) = L Z 1 Iyl > VL
£2(0) = Z_: max |2,° 19 max |25 > == ¢ |

The cited theorem assumes finite coordinatewise third absolute moments; it does not
impose a coordinatewise variance lower bound. Thus the nondegeneracy condition in (iii) is
not needed for this CCK step (it ensures uniformly nondegenerate Gaussian coordinate vari-
ances for the theorem’s subsequent applications). We bound each term using the following

standard inequality.

Lemma A.1 (Burkholder 1988; Rio 2009). Let ¢ > 1, ¢' = min(q, 2), and let M, =", &
where & € L9 are martingale differences. Then ||M,||9 < K& >0 &9, where K, =

max((¢ —1)71, g —1).
By Wu's m.d.s. decomposition, X;; = > _, P X;; with Py = E[- | F] = E[- | Fs1], and
the projections satisfy ||PsX;llq < 0i—sqj- Applying Lemma A.1 with ¢’ = 2 to the m.d.s.

representation of Y},,j = te B, At.jm and using Minkowski’s inequality across projections,

||i\}b),7||q S Kq MZ(SS?(]J S Kq M\Iqua'

s>0

Since third moments exist under ¢ > 4,

L = max—ZE\Yb]yS < MUREE

l<]<p
Moreover, the union bound across coordinates gives
V., |4 a/2\yq
Elnas V3,17 S pMY20L,

Hence a Markov-type truncation argument following the proof of Theorem 2.1 in Cher-



nozhukov et al. (2016) gives

EQ*3 . éqf?)
M < —Pr T Vo1l < 2 o MY2pe
rald) < (6v/L)1=3 {glj?g)l vl } ~ (5\/3)q—3p g,
For the Gaussian term, write
O-lij = E[fszg] S M\Ilg,a

Y

and define
VL

VM0,
For G ~ N(0,1), integration by parts gives

Zs -

E[|GP1{|G] > z}] S (1 +a?)e /2,
Moreover, ,
max 2,1 {max |2, > < SENEENED]
Therefore, taking v = §v/L /¢, and applying the preceding bound coordinatewise yields
My(8) S pM*P2W5 (1 + aF) exp(—ca3)
for some constant ¢ > 0. Setting

Ty = M'VPL7VS00, v pVIM e, L Ay,

direct substitution gives ¢g(72) = o(1). Indeed, the L* contribution is 0(653/2), the My ;

contribution is O(¢,; "), and My, 5 is exponentially smaller under £ < L. From (1), Lemma 4.1

(Strassen’s theorem) of Chernozhukov et al. (2016) yields, on a suitably enriched probability

space, a real-valued random variable G¢ such that G £ G, and

]P)(‘VL — G%| > C7T2) — 0.

Multiplying both scalar maxima by /L /n rescales them to the n~'/2 block-sum scale. Since

L < n/M, Step 2 contributes
T/VM = L0/, , v p'/ag, L1/ eg,

to the rate 9,,.



Step 3: Approximation of Gaussian block sums by the limiting Gaussian.
Let
Lp(h) =E[XomX, ), hEL

and let {X;"}iez be a centered stationary Gaussian process with autocovariance function
[,,. Such a process exists because I',, is a covariance kernel. Moreover, I';,(h) = 0 for
|h| > m, so {X;™} is m-dependent. This definition is important: the Gaussian process
matches the covariance of the truncated process {X;,,}, not that of {X;}.

(a) Restoring the omitted Gaussian blocks.~ The Gaussian block vectors {37, X; " Ho,
are independent and each has covariance E[Y;Y,"]. Consequently, the following identity is

now exact:

Recall that R, = {L(M + m) +1,... ,n} is the terminal block. On a space carrying
{X[™}, define

Sy = n~ 12 (ZXZW ZZX“”)

b=1 teBy

Let Z,, = <Ulj)::1 Sb) U Ry Since sup,<, > ez Tmjji(h)] S W50 < W3, we have

maxVar(SZ < —maxz 1T s (

Ji<p nm] J<p el

m 1
< P2
(M + L) 200

because |Z,| < Lm + M +m and n < LM. Hence, for a sufficiently large constant C,

T3,block = C\Ilgﬂ\/(m/M + L_l)gp

and the Gaussian maximal inequality imply P(||S7 . [loc > T3plock) — 0.

(b) Covariance matching. Set
Y = Var (n_1/2 Z Xfm) , ¥, = Var (n_1/2 Z Xt> :
t=1 t=1

Writing S, =Y 1, Xy and S, = > ;| Xt,m, the partial-sum moment inequalities [|S,[|2 <
VU and [|S, — Snmll2 S vVm™*¥s,, together with the covariance calculation in Zhang



and Wu (2017, Lemma 7.3), yield
1 mn — Znllmax S W oWoom ™, 1X0 — Ellmax S Vo aVagu(n).
Here W5y < W5 ,. Thus, under the uniform norm bound in condition (ii),
Amn = 1Zmn — Zllmax Sm™* +0(n).

Let Vi, = Hn*1/2 Yoy Xf’mH Vin = ||Z]|s. Apply Theorem 3.2 of Chernozhukov et al.
(2016) to the 2p-dimensional aoagmented Gaussian vectors. For every Borel set A C R and

every r > 0,

P(Vs, € A) < P(Vy, € A") + Cr /A nly.

Taking

Tan =< {m *+ v(n)}l/?’f;/?’

gives a Borel-neighborhood comparison with remainder 74,, < {(m= +v(n))/f,}/® = o(1).

Condition (iv) also makes 74, = o(1).

Combining the three steps via scalar coupling. For a Borel set A C R and r > 0,
write
A" = R:inf |z —a| <7}
{z € ;I€1A‘J} al| <r}

Define the real-valued statistics

%,n = n_1/2 Z?zl Xt

Y
o0

o —-1/2~L -
Vip=|n / Zb:lYE’H )
oo

VvQ,n = n_1/2 25:1 Zb

)

‘ o0

. —1/2 n zZ,m
Vi i= 072 50y X7
00

Vin = 1Z]|s0-

The tail couplings from Steps 1 and 3(a), the CCK Borel-neighborhood comparison in Step 2,
and the Gaussian Borel-neighborhood comparison in Step 3(b) imply that, for every Borel
A CR,

P(Vicin € A) < P(Ven € A™™) + D, kE=1,...,4,



where 34_, in = o(1) and

T1n 5 Th,

T2.n S T2/\/M,

3n 5 T3,blocka

rag S {m= u(n) YRR,

Because (A")* C A", iterating the four inequalities gives

P(Vo, € A) <P(Vy, € A™) 4y,

4 4
Tn = Zrk,na M = an,n - O<1)
k=1

k=1

Substituting the bounds obtained in Steps 1-3 and using conditions (iv)—(v), we may choose
Tn S Ope

Only this one-sided Borel-neighborhood inequality is required: it is exactly the hypothesis
of Lemma 4.1 of Chernozhukov et al. (2016), so a reverse chain of neighborhood inequalities
is unnecessary. Lemma 4.1 (Strassen’s theorem) of Chernozhukov et al. (2016), applied on
R, therefore yields, on a suitably enriched probability space, a real-valued random variable
Zn such that

Zn = Vi = 1 2

and

Since 7, < 0, this is the assertion of Theorem A.4.

~Y
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